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ABSTRACT. For an | x k matrix A = (a;;) of integers, denote by L(A) the system of
homogenous linear equations a;1x1 + a;xzr = 0, 1 < i < [. We say that A is density
regular if every subset of N with positive density, contains a solution to £(A). For a
density regular [ X k matrix A, an integer r and a set of integers F, we write
F — (A)y

if for any partition F' = FyU....UFy there exists ¢ € {1,2,...,7} and a column vector x
such that Ax = 0 and all entries of x belong to F;. Let [n]n be a random N-element
subset of {1,2,...,n} chosen uniformly from among all such subsets. In this paper

we determine for every density regular matrix A a parameter @ = (A) such that
limpoo P([n]ny — (A)r) =0if N = O(n%) and 1if N = Q(n%).

1. INTRODUCTION

Partition theorems for sets of integers constitute an important part of Ramsey
theory. They typically embody the following pattern: for every finite coloring of
the set of integers N, there exist x1,...,z, € N of the same color, which satisfy
some prescribed conditions. The first theorem of this type was proved by I. Schur

in 1916.

Theorem [8]. If N is finitely colored then there exist x,y, z having the same color

such that x +y = z.

In 1927 B.L. van der Waerden published a proof of the following result.
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Theorem [10]. If N is finitely colored then one of the color classes contains arbi-

trarily long arithmetic progressions.

As arithmetic progressions of length & correspond to distinct-valued solutions of

the system
(1.1) L1 —Tg =T — T3 =..=Tp_1— Tk ,

we see that configurations considered in both, Schur’s and van der Waerden’s the-

orems correspond to integer solutions of systems of homogenous linear equations.
In 1930 R.Rado published a far reaching generalization of both these results.
For an [ x k matrix A = (a;;) of integers, denote by £ = L(A) the system of

homogenous linear equations

k
Zaijil?j:(), 1§Z§l
j=1

We say that £ (and also A) is partition regular if for any finite coloring of N,
there is always a solution to £ with all z; having the same color.

The matrix A is said to satisfy the column condition if it is possible to re-order the
column vectors aj,...,ax, so that for some choice of indices 0 = kg < k1 < ...k = k,
setting b; = Z?;ki_ﬁl aj,i=1,..,1,

(i) by =0

and

(ii) for each ¢ = 1, ...,%, b; can be expressed as a rational linear combination of
a5, 1 <j< ki

The classical result of Rado asserts the following:

Theorem [6]. The system L(A) is partition regular if, and only if A satisfies the

column condition.

Note that a matrix A consisting of a single row satisfies the column condition if,
and only if the equation £(A) has a nontrivial 0-1 solution. Indeed, then condition
(ii) is trivially fulfilled, while (i) is also true if by is the sum of the coeflicients cor-
responding to the 1’s in this solution and bs is the sum of all the other coefficients.

Thus, the simplest example of a non-partition equation is z + y = 3z.
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Without loss of generality we may clearly assume that matrix A is of full rank,

i.e. its rank, denoted here by h(A), satisfies the equation
(1.2) h(A)=1.

This assumption will be imposed throughout the paper.

Moreover, if for some ¢ # j all solutions of Ax = 0 satisfy z; = z; then this
system is equivalent to another system A’x = 0 which contains the equation z; =
zj. (Indeed, assuming without loss of generality, that ¢ = k — 1 and j = k, and
applying Gaussian elimination to A, we obtain another matrix A’ = (a;j). If
for some j < k — 1, aﬁcj # 0, then we would be free to choose a solution with
Zgp—1 # T, which is a contradiction.) Eliminating this equation together with one
of the variables xz; or z;, leads to a system of [ — 1 equations and k¥ — 1 variables,
the solutions of which, viewed as set of integers rather than vectors, coincide with
the solutions of the original system. Therefore, in what follows we will be, without
loss of generality, assuming that the system Ax = 0 has, for each i # j, a solution
x = (&1, ..., %) such that z; # x;. Systems (and matrices) satisfying the above
condition will be called irredundant.

The value of k is at least [ + 1, since otherwise there would not be any positive
solution. If, however, k = [ + 1, then, after Gaussian elimination, the last equation
involves xx_1 and z only, but, by the irredundancy, it cannot be of the form
Tr—1 = Tgx. Then, however it does not satisfy the column condition and, so, it is

not partition regular. Hence, we always have k£ > [ 4 2.

A natural question in connection with the van der Waerden theorem was raised
by Erdés and Turdn [2] more than 60 years ago. Assume that F' C N is a set having

positive upper density, i.e.

- F
d(F) := lim sup [FNn]] >0.

n—00 n

Does F' have to contain an arithmetic progression of arbitrary length? In 1975

Szemerédi settled this conjecture in the affirmative proving one of his great results.
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Theorem [9]. If F C N satisfies d(F) > 0 then F contains arbitrarily long arith-

melic progressions.

This is a powerful strengthening of van der Waerden’s theorem implying that for
any finite partition of N the “biggest” color class always contains arbitrarily long
arithmetic progressions. Analogous strengthening of Schur’s theorem is clearly not
valid, and therefore it is natural to ask which partition regular systems admit the
“density” versions. Such systems were characterized in [3].

The system L£(A) (and matrix A) is said to be density regular if every set of

integers F' of positive density d(F) > 0 contains a distinct-valued solution of £(A).

Theorem [3]. An irredundant system L(A) is density regular if, and only if it has

a solution 1 = ... =z = 1.

The simplest example of a density regular system is the system (1.1) correspond-
ing to arithmetic progressions of length k.

We will find it convenient to utilize the following “arrow notation” introduced
by Erdés and Rado. For a partition regular [ x k matrix A, an integer r and a set

of integers F', we write

F — (A),

if for any partition F = F; U .... U F, there exists 1 € {1,2,...,7} and a column
vector x such that Ax = 0 and all entries of x belong to F;.

Fixing A and r, observe that the property ' — (A), is monotone, i.e. it implies
F' — (A), for any F' D F. Also, while trivially ) — (A), is not true for any A, an
easy compactness argument, together with Rado,s theorem, shows that [n] — (A4),
holds for n > n(A,r), where n(A,r) is a constant depending on A and r.

In this paper we study the question of for which N = N(n), 1 < N < n, almost
all N-element subsets F' C [n] have the property F' — (A),. More formally, let
[n]n be a random N-element subset of [n] chosen uniformly from among all ()
such subsets of [n]. The aim of this paper is to determine a threshold function

Ny = No(A,r,n) such that
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0 if N = O(INy)

lim P([n]y — (4),) = { Lif N =Q(Ny)

n=yo0
for any density regular matrix A.

In order to formulate the result of this paper we need to define a matrix param-
eter, measuring, in some sense, a relative degree of freedom of the system L£(A).

Let @ be a subset of the set of columns of A. (We will be identifying these
columns with their indices 1,2,...,k.) We denote by A? the matrix obtained by
deleting all columns belonging to Q).

Let h(A) stand for the rank of matrix A. We will use the abbreviation hg =
h(A9Q). We set hg = 0 if |Q| = k.

Definition 1.1 For an irredundant, partition regular matrix A with h(A) =1

let

-1
my = max max g .
2<q<k QC[%],|Ql=¢ ¢ — 1+ hg —

It will be proved in the next section that ¢ + hg — [ > 2 for every ¢ > 2.

To better accommodate this new concept, suppose for a moment that, in addition
to all previous assumptions, every [ x [ submatrix of A has rank .
Then, if ¢ < k-1, hg = [, while for ¢ > k — [, hg = k — ¢g. Thus, under this

additional assumption, the parameter m 4 becomes

k-1 k—1
(]_3) ma —max{l,m} = m .

This corresponds to the case when the maximum in Definition 1.1 is achieved by
taking @ = [k].

The additional condition is, for example, satisfied by the matrix A corresponding
to the system (1.1), the solutions of which are arithmetic progressions of length &.

We are now ready to formulate our result.

Theorem 1.1. For every lxk irredundant, density reqular matriz A of rank h(A) =

I and for every integer r > 2, there are constants ¢ and C such that

lim P([n|y = (4),) =

n—o0

{ 0 if N < cnlt—l/ma
1 if N>Cnl~1/ma
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We will prove the “0O-statement” for all partition regular matrices. However, as
far as the “1-statement” is concerned, it is only proved for density regular matrices.

For matrices corresponding to the van der Waerden theorem, i.e. matrices A
such that the solutions to Ax = 0 are arithmetic progressions of length £, this
theorem was stated in [7] with only an outline of proof. Let F' — (k),. stand for the
property that for every partition of a set F' into r classes, at least one of the classes
contains an arithmetic progression of length k. As a special case of Theorem 1.1

we obtain
Theorem [7]. For allk > 3 and r > 2 there exist constants ¢ and C such that

0 ifNScn%

fim Plnly = (b)) = { 1if N> Cntt

n—o0
We strongly believe that the following is true:

Conjecture. The “I-statement” of Theorem 1.1 remains true for any partition

regqular system Ax = 0.

Unfortunately, our method does not allow for such a generalization. A crucial
ingredient of our argument is Theorem B (cf. Section 2), valid only for density
regular systems of equations. The main difficulty we face is the lack of its analog
for an arbitrary partition regular system. So far we have failed to find a way around
this obstacle.

Note that the proof of the “O-statement” of Theorem 1.1 given in Section 7 works
for all partition regular matrices.

The simplest case of a partition regular system which is not covered by our
Theorem 1.1 is the system consisting of a single equation x + y — z = 0. This case,
which corresponds to Schur’s Theorem, is investigated in our forthcoming paper

with R.L. Graham [4]. The result proved there supports our conjecture.

The paper is organized as follows. In the next section some tools from linear
algebra, partition theory and probability theory are collected. Section 3 contains

an outline of the proof of the “l1-statement” of our theorem, where it is reduced to
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a statement S(r, s). This statement is proved by double induction in Sections 4-6.

Finally, in Section 7 we prove the “0O-statement”.

2. PRELIMINARIES

In this section we review and introduce some tools that will be utilized in the
proof. We begin with some elementary algebraic properties of systems of linear
equations. For a matrix A let h(A) denote the rank of A. The following elementary

result can be derived in many ways.

Proposition 2.1. For an arbitrary integer | X k matriz A and an [-dimensional
integer vector b, the system of linear equations Ax = b has no more than nk—"4)

integer solutions with all entries belonging to the set [n] = {1,2,...,n}. O

As for the lower bound, in general, there may be no solution at all. Since we
are actually interested in partition regular systems, we restrict our attention to
them, and derive a matching lower bound from a partition result. The following

strengthening of Rado’s Theorem was proved in [3].

Theorem A [3]. Let A be an | X k matriz of rank | which satisfies the Rado
columns condition. Then for any r there exists c,.(A) such that in any r-coloring of

k-1

[n] there are at least c,.(A)n"~" monochromatic solutions to the system Ax =0. O

In particular, the above result implies that there are at least c; (A4)n*~! solutions
of Ax = 0 in [n], which, together with Proposition 2.1, yields that the number of
such solutions is, indeed, of the order of n*—*.

For an [ x k matrix A with columns c;, cg,...,cx and Q C [k], let A be the

matrix with columns c¢;, @ € [k] \ Q.

Proposition 2.2. Let A be an l X k irredundant, partition reqular matriz of rank

[. Then
(i) For every Q, |Q| = 1, we have h(A®) = I;

(ii) For every Q, |Q| = q > 2, the inequality | — h(A?) + 2 < q holds.
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Note: Part (ii) of the above proposition verifies the correctness of Definition

1.1.
Proof.

(i) Suppose that h(A®) =1 — 1 for some Q, |Q| = 1. Without loss of generality
assume that @ = {k} and hence A% consists of columns ¢;,...,cx_1. Apply Gaussian
elimination to A to obtain a matrix A" = (aj;). Since h(A?) < I, aj; = 0 for
j=1,2,..,k—1. On the other hand, due to the fact that A has full rank, we
have aj,, # 0. This, however, means that all solutions x = (1, ..., z) of the system
A’x = 0 (which is equivalent to Ax = 0) satisfy x5 = 0, and thus there is no
positive solution. This is a sharp contradiction with Theorem A.

(ii) We will proceed by induction on ¢g. Assume first that there is Q, |Q| = 2,
with h(A9) < I. Without loss of generality assume that @ = {k — 1, k}. Using an
argument similar to that used in part (i), we infer that every solution to Ax = 0
satisfies either zx_1 = 0 or xx = 0 or xx_1 = axg, where « is a positive rational
number. The first two cases contradict, as before, the existence of positive solutions
ensured by Theorem A. In the third case, due to the fact that A is irredundant, o
must be different from 1. Then, however, the single equation zx_1 — oz = 0 is not
partition regular (has no nontrivial 0-1 solution), contradicting our assumption.

Assume now that ¢ > 3 and that the statement (ii) is true for ¢ — 1. As the
rank of a matrix can drop by at most one when a column is deleted, the required
inequality follows by induction. [l

Finally, we state a result which is an important tool in our proof. This is a
strengthening of the Schur Theorem stated in Introduction.

We call a solution of Ax =0, x = (1, ..., Tx), all-distinct if all the entries z; are
distinct, ¢ = 1, ..., k. It was shown in [3] that an irredundant, density regular system
always contains an all-distinct solution. In fact, much more was proved there, and

the theorem below will play a crucial role in our proof.

Theorem B [3]. Let A be anlxk matriz of rank | which is irredundant and density

reqular. Then for every ¢ > 0, there are constants o = o(A,€) and ng = ng(A4,e€)
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such that if n > ng and X C [n], | X| > en, then the set X contains at least on*~!

all-distinct solutions x to Ax=0. O

Let X be a random variable with binomial distribution with expectation np.

The following bound is provided by Chernoft’s inequality:
P(|X —np| > enp) < exp{—C(e)np} ,

where C(e) is a positive constant.

In a few places in our proof we need exponentially small bounds on tails of sums
of not necessarily independent random variables. If the dependence is relatively
weak, the bounds for the lower tail are provided by Janson’s inequality.

Throughout the paper E(X) stands for the expectation of a random variable X.
Let F be a finite set, from which a subset is drawn randomly in such a way that
the inclusions of individual elements are independent. Further, let S be a family of
subsets of F' and for each B € § let Ip be equal to 1 if B is entirely included into

the random subset and 0 otherwise. Finally, let X =} 5 s Ip. Then

Lemma 2.1 [5]. For every 0 <e <1

Unfortunately, the upper tail counterpart of Lemma 2.1 is not true in general.
As an exponential bound is often needed also for the upper tail, to cope with this
situation we developed in [7] an approach based on the following elementary lemma
which deals with a somewhat simplified case when all elements are included to the
random set with the same probability p and all members of & are of the same size

S.

Lemma 2.2 [7]. Let F be a finite set and S — a family of s-element subsets of F.
For 0 < p <1, let F, be a random subset of F' obtained by independent inclusion
of each element with probability p. Then, for any integer t, with probability at least
1 — 27%/3 there exists a set E C F, of size t such that F, \ E contains at most

2|S|p® sets from S. O
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Hence, exceeding two times the expectation is exponentially unlikely, provided
we are allowed to destroy some of the sets in & by deleting a certain number of
elements from the random set. Then, of course, there is a danger of losing other
properties held by the random set. It turns out, however, that monotone properties
held with exponential probabilities survive the deletion. The next lemma, also from
[7], makes this precise.

For a family Q of subsets of a set ' and an integer £, let
Q,={B:VDCB,if|D| <t then B\D € Q} .
Lemma 2.3 [7]. Let F be a set of m elements, 0 < p <1, and b’ and § satisfy
(2.1) §(1+logye —logy,6) < b'(1—4) .
Then, for every increasing family @ = Q(m) of subsets of F' and for 0 < ¢t < dmp/2,
if P(F1_5)p € Q) < 9= (1=0¥'mp then P(F, € =Q,) < 27Y"™P provided mp is
large enough, where b" = b"(V/,6) = 3 min{1(1 — 6)¥', (log2e)C(6/2)}. O
Warning: The property Q must not depend on p, but on m only!

These two lemmas complement each other and for future reference we derive a

corollary from them.

Corollary 2.1. Let F be a set, |F|=m, 0<p <1, and let 6 and b’ satisfy (2.1).
Furthermore, let p = p(m) and pm — oo, and let t = %6mp be an integer. Let S
be a family of s-element subsets of F' and Q@ = Q(m) be an increasing family of

subsets of F'. Then, for m large enough and with b" as in Lemma 2.3, if
P(F(l—é)p c —|Q) < 2—br(1—6)mp
then, with probability at least

1 — 2—t/8 _ 2—b mp ’

there exists a set Eg C Fp, |Eo| =1 such that
(i) Fp \ Eq € Q
and

(ii) Fp \ Eo contains at most 2|S|p® sets from S. O
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3. SKETCH OF THE PROOF

As usual when working with random structures, we will find it convenient to
switch to the binomial model F, defined in Section 2 with F' = {1,2,...,n} = [n].

It is well-known (see [1]) that for monotone properties the binomial and uniform
models are asymptotically equivalent provided N ~ np. As the sets F C [n]
satisfying F' — (A), form an increasing family, we can formulate our Theorem 1.1

in its equivalent form.

Theorem 3.1. For every | x k irredundant, density reqular matrix A of full rank

h(A) =1, and for every integer r > 1, there are constants ¢ and C such that

lim P(fnl, - (4),) =

n—o0

{O if p < en~t/ma
1 ifp>Cn~Y/ma

The 0-statement, which asserts the existence of a constant ¢ such that lim,,_,, P([n], —
(A);) = 0 for p < cn='/™4 will be proved in Section 7. Here we concentrate on
the 1-statement. It will follow from the stronger technical lemma below. The
lemma will be proved by induction. To describe the induction hypothesis, we will
find it convenient to apply to A Gaussian elimination with both rows and columns
in reverse order, to obtain a matrix A’ with the property that a;; = 0 whenever
j > k—1+i,i=1,..,1. Notice that h(Ay) = h(Aq) and, consequently, ma = ma4.
Furthermore, by permuting the columns of A’ we obtain a matrix A”, which, in
addition, satisfies the condition a;’; , ; # 0, ¢ = 0,..., — 1 (this follows from the
assumption (1.2) that A is of full rank). Notice that again mar = ma = ma.
Because of that and also because neither of the above operations changes the set

of solutions of £L(A), we will be assuming in our proof that the matrix A satisfies

both these conditions, i.e.
(3.1) as; = 0 whenever j > k—I+4, i=1,...,I, andaj_;,-; #0,4=0,...,0—1.

For s =1,2,...,1let A; be the matrix consisting of the s first rows of A truncated
to the first s+k—1I columns of A4, i.e. A, consists of the first s rows of the matrix A<,

where Q@ = {s+ k —1+1,...,k}. For convenience, we denote by Ag the 1 x (k —1)
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matrix consisting of zeros only. Thus any k — [ tuple (z1,...,2x—;) is a solution
of Agx = 0. Matrix A has rank 0 and the Definition 1.1 does not apply to it.
However, for the sake of uniformity, we set m4, = 1.

An all-distinct solution (1, ..., Zsyx—;) of Asx = 0 is called nested in a given set
F C [n], if there exists a vector y = (y1, ..., yx) such that

i) Ay =0

(i) y;=ax; fori=1,...,s+k—1

(iii) y; € F,for i =1, ..., k.

For ease of presentation, we refer to an all-distinct solution of A,x = 0, which is
nested in F', as to an (s, F)-solution. When s =1 (A; = A), we call these solutions

simply F'-solutions.

Lemma 3.1. For every irredundant, density reqular | x k matriz A of full rank 1,
for any integer r > 1 and for each s = 0,1,...,1, the following statement S(r,s) is
true:
Statement S(r,s). For every d > 0 there exist constants ng, a = a(r,s,d),
b = b(r,s,d) and C = C(r,s,d)) such that for every n > ng and for every set
F C [n] with |F| > dn, if p > Cn=Y/™4: then, with probability at least 1 — e=""P,
1 s+k—1

for every r-coloring of F,, there are at least an®~tp monochromatic (s, F)-

solutions.

Note. Because for every subset @ of the first £ — [ + s columns, we have
h(A®) — h(A9) <1 — s, we also have m4, < ma.
Lemma 3.1, with s = [, implies the 1-statement of Theorem 3.1. We will prove

the lemma by double induction on r and s.
4. PROOF OF STATEMENT S(1, s)

By Theorem B, there are at least on*~! F-solutions of Ax = 0. Due to the fact
that the last [ columns of A are linearly independent (cf. (3.1)), these solutions
are in 1-1 correspondence with a subset of (s, F')-solutions. Therefore, there are at

least on®~! (s, F)-solutions.
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Let X be the number of (s, F')-solutions which are contained in the random
subset Fp. Thus, E(X) > onF~tpsth=t,

In order to prove Statement S(1,s) we just need to show that, with high proba-
bility, X is close to its expectation. We will use Janson’s inequality (Lemma 2.1).
For an (s, F)-solution x, let Ix =1 if x € F,, and 0 otherwise.

Let t,, be the number of intersecting pairs of (s, F')-solutions. Then, by Propo-
sition 2.1, t, < nF~'u,, where u, is the maximum number of (s, F)-solutions
x = (21, ..., Tk—i14s) intersecting a given (s, F)-solution z = (z1, ..., 2Zk—i+s)-

To bound w,, one needs to fix a nonempty subset of coordinates of z (say,
{7y 23, }, 11 < ... < 4;) on which the two solutions coincide together with an
ordered g-tuple @ = (41, ...,74) of columns of A, such that z;, = z;,,....z; = 2.
Having fixed @ and taking into account that matrix AS has k—1[+s—g columns,we
see that there are, again by Proposition 2.1, at most nf~1+s=4-h(4?) (5. F)-solutions

x intersecting z in the prescribed way. Hence,

—lts—q—h(AQ
y, = O( max max nF-i+s—a-h(47)

1<q<k|Ql=q

and

Z Z E(LI) = O((2n)*" max max nk_l"‘s—q—h(AsQ)p%—p) .
Xt 1<q<k Q=g

Plugging it all into Janson’s inequality, and using the fact that h(A9) = s if

g =1 (cf. Proposition 2.2(i) ), we obtain, for any ¢ > 0,

P(X, < (1 - OB(X,)) < exp{- max max ntH45=0p0)} < exp{-Q(np)}

by the definition of m4,. [

5. PROOF OF STATEMENT S(r, 0)

As case r = 1 was already treated in the previous section, we assume here that

r > 2 and proceed by induction on 7.
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Set

T = {(1171, ...,:Ek_l) : 3($k—l+1, ,:Ek) e F,Ax = 0} .

Thus, 7 is the set of (0, F')-solutions of Ax = 0. As was explained in the previous

section,
(5.1) 17| > onb=t .

Statement S(r,0) is equivalent to the fact that there exist constants a, b, and C

such that for any F' C [n], |F| > dn, the following holds with probability at least

1 — e bnp:

for every r-coloring of F), there are at least

(5.2) an®~'p*=* monochromatic (k — I)-tuples of 7.

This will follow from a technical Lemma 5.1 below with constants a, b and C
specified later. Fix a set F' C [n], |F| > dn.
Let us set Tx—; = 7 and for each 1 < ¢ < k —1 — 1 define sets N(z1,...Tx—;1—;)

and families of ordered (k — ! — i)-tuples Tx—;—; recursively by

N(z1, o tr—i—i) = {Th—i—it1 : (T1, 0, Thot—it+1) € Th—i—it1}

and
o
77c—l—i = {(1171, "'7$k—l—i) : |N(£E1, ---,wk—l—i)| > E’I’L} .
We will need the following estimate.

Proposition 5.1. Forevery1 <:<k-101-1,

O' g
| Te—i—i| > gnk =i

Proof.
Let us start with ¢ = 1 and suppose that

O p_j_
g k-1

[ Tr—1-1| < 9
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Then, by Proposition 2.1
g
7| < |Te—i-1|n + nk_l_zgn <onf 7t

which contradicts (5.1).

We continue by induction on % in a similar way. Assume that

0' J_
|77c—l—i+1| Z 2i_1nk l—i+1

and suppose that

g g
|77<;—l_i| < E’I’Lk I—i .
Then, again by Proposition 2.1,

_j_; O o2 g
| To—t—it1| < [Tooiiln + nF~F ZF” < —21._177,’c =il

another contradiction. [J
Our plan for the proof of (5.2) is to expose the set F' in k£ — [ rounds with
probabilities p1,...,pr—;, Wwhere p; = ¢;p, c1+ca+ ...ty =land ¢ € 3 K€ ... K

ck—1 are to be specified later (cf. inequality (5.10)).

Lemma 5.1. For every j = 1,....k — | the following Statement W (j) is true.
Statement W (j) : There exist constants a; and b; such that, with probability
at least 1 — e~%"P for every r-coloring of the random subset Fp 4. +p; either
(i) Fp,+...4p; contains at least an®~'p*=t monochromatic elements of T = Ty_;

or

(ii) Fp, +..+p; contains at least ajnjpl...pj monochromatic elements of T;.

Note that for the statement W (k — ), in view of our choice of a (cf. (5.11)), the

alternative (ii) implies (i), which, in turn, is equivalent to (5.2).
Proof.

We will prove W () by induction on j. Observe that the alternative (ii), say with

a; = %%2,9_5,_1, of Statement W (1) follows immediately by Chernoft’s inequality

and the fact that 71| > 5z5=rn (cf. the Proposition 5.1 above).
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Now assume that W(j — 1) is true. Let A be the event that there is an r-
coloring of Fp, 4. 4p, for which both, (i) and (ii) of Statement W (j) are false.
Let B(;) and B be the events that, for every r-coloring of Fjp, 4 4y, ,, part
(i) and part (ii), respectively, of Statement W(j — 1) holds and, moreover, that
|Fpy+...4p;_1 | < 2dn(p1 + ... 4+ pj_1). If the alternative (i) holds for W (j — 1) then

it does for W (j). Hence the events A and B(; are disjoint and
(5.3 P(A) < P(-By N -Buy) + 3 PAK)P(K) .
KGB(“)
Conditional on the outcome K = Fy, 4 4, , of the first j — 1 rounds, for every 7-
coloring h : K — [r], let Aj, be the event that there is an extension b : Fp, 4 4p, —

[7] of h such that h = h on K and both, (i) and (ii) of Statement W (j) are false.
Then

(5.4) P(AK) = UAh|K p2dn@it-4pi-)p(Aho|K) |

where hy maximizes the conditional probability.

By the inductive assumption and Chernoff’s inequality,
(5.5) P(~Bg) N ~Bgy) < e”-1" 4 ¢=0WdnGitpi)

It remains to estimate P(A"|K) for a fixed instance K of Fp, 4. 4p,_, such that
K € Bj;) and for a fixed r-coloring h of K.

So, we know that K contains at least aj_lnj_lpl...pj_l red elements of 7;_;
Set dj = sp=r=73= and consider the set D; of all elements of F' which belong to
N(z1,...,zj-1) for at least aj_1d;ni~'p1...pj_1 red (j — 1)-tuples (z1,...,xj_1) of
T,

Proposition 5.2. |D;| > d;n.
Proof.

Suppose |D;| < d;jn and consider the bipartite graph with a;_1n/~!p;...p;_1 red

(4 — 1)-tuples of 7;_; on the left and the elements of F' on the right. An edge joins



RADO PARTITION THEOREM FOR RANDOM SUBSETS OF INTEGERS 17

a tuple (21, ...,z;_1) with z; if, and only if x; € N(z1,...,2;_1). On one hand, by

the definition of 7;_1, this bipartite graph contains more than
aj_lnj_lpl...pj_ﬂdjn
edges. On the other hand, by the definition of D, it contains less than
djnaj_lnj_lpl...pj_l + naj_ldjnj_lpl...pj_l

edges, which is a contradiction. [

Let D;- = D; \ K. As the set K is only of order of magnitude of np, we have
| D3| > djn, for some .999d; < d; < d;. Now we shall expose D; with probability
(1 - &;)pj, where ; satisfies inequality (2.1) with &' = b(r — 1,0, d})/d;.

By our inductive assumption, Statement S(r — 1,0) is true, which implies that,

with probability at least 1 — e_(l_‘sj)b(r_l’o’dg')"pj,

for every (r — 1)-coloring of
(Dj)(1-6;)p,> there are at least a(r — 1,0,d;)n*~((1 — §;)p;)*~* monochromatic
members of 7', provided (1 —§;)p; > C(r — 1,0, dj).

Consequently, by Lemma 2.3, applied with F' = D;-, p = p; and 6 = §;, the above
property remains true for (D), with probability 1 — e~b""P; where b = b (b, d;)

as in Lemma 2.3, even after deleting up to %6jd;-npj elements from (D;-)pj, i.e. for

every set E C (D})p,, |E| < 36;d

77p;, and for every (r — 1)-coloring of (Dj)y: \ E,

there are at least

a(r - 1,0, d})nk_l((l - 6j)pj)k_l

monochromatic members of 7.

Now we ask an adversary to choose an extension h of the given r-coloring A of
K. If she colors less than %6jd;-npj elements of (Dj})p; red, then, denoting by E
the set of these elements, we are facing an (r — 1)-coloring of (D3),, \ E and the

alternative (i) of Statement W (j) follows for any
(5.6) a<a(r—1,0,d;)((1—6;)c;)**.

If, however, red is used on at least %6jd;-npj elements of (Dj)p, then, as each

element of D; extends to at least aj_ldjnj_lpl...pj_l red j-tuples of 7;, we have
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at least
1 '
(5.7) aj—1 §6jdjdjn P1...Dj
red tuples of 7; in Fy, 4 4, .. Hence the alternative (ii) of W (j) is true with
]‘ !
(5.8) a; = Gj5-1 §5jdjdj .

Putting these two alternatives together, we obtain, for a fixed instance K of the

random subset Fy, y  4,. , and for a given r-coloring h of K, that
(5.9) P(Ay|K) < e V'd4mws
In order to estimate P(A|K), we need, by (5.4), that

7,2dn(p1 +...+pj_1)e—b”d"7-npj

is exponentially small in Q(np). This will be guaranteed by setting

2d(61 + ...+ Cj—l)
b'd;

(5.10) ¢ >2
Now, (5.3-5.5) and (5.9,5.10) give

P(A) < e—bj_lnp+e—C’(1)dn(p1+...pj_1) +e—b”d;-npj < e~bim

for suitably chosen b;. This completes the proof of the implication W(j — 1) =
W (j) with a; defined by (5.8), and hence also of Lemma 5.1.

To conclude the proof of Statement S(r,0), set, by (5.6),
(5.11) a = min{c...cy—10x—1, a(r —1, d;)((l — 6j)cj)k_l, j=1,..,k-1},

b= by and C = 02—10(7' —1,0,d}). (Note that C(r — 1,0,d}) is a decreasing

function of dy and that d;, and therefore also dj, increases with j.
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6. PROOF OF STATEMENT S(r,s),r > 2,58 > 1

In the proof of statement S(r,s) we shall use the statements S(r,s — 1) and
S(r—1,s). Let F C [n], |F| > dn.

We will employ the well known technique called the two-round exposure. Repre-
senting p = p; + p2 — p1p2, one first generates the random subset F}, , conditions
on the outcome, colors it, and only then generates Fj,. We shall be assuming that
both p; and ps are of the same order of magnitude as p, but that p, is sufficiently
bigger than p;.

We say that an (s — 1, F')-solution (%1, ..., Zx—i+s—1) focuses on xyp_jqs if
(€1, .oy Tp—14s) 18 an (s, F)-solution. (Note, that xg_;4s, if exists, is uniquely de-
termined by an (s — 1, F)-solution.) For an instance K of the random subset Fj,
and for an r-coloring h of K, let H; = H;(K,h), i = 1,...,7, be the set of all el-

/nk—l—l

k=t+s=1 monochromatic

ements of F' which are in the focus of at least %a P
(s — 1, F')-solutions in color i, where a’ = a(r,s — 1,d) is the constant appearing in
Statement S(r,s —1).

Loosely speaking, we shall show, using S(r, s — 1), that as a result of round 1, at
least one of the sets H; will be large and therefore many of its elements will survive
through the second round. Then, if color 4 is used a lot on (H;),,, we obtain many
(s, F')-solutions in that color. If this color is used a little, we make a twist which
enables us to neglect this color altogether, and Statement S(r — 1, s) completes the
proof.

Formally, this outline can be described as follows. Let A be the event that
there exists an r-coloring of F,,, with less than an®*~!p*='+$ monochromatic (s, F)-
solutions in F}, in each color.

Let B be the event that |Fy, | < 2np; and that for every h : Fj,, — [r] there is an
i € [r] such that |H;(Fp,,h)| > d'n. Clearly,

P(A) <P(-B)+ Y  P(AK)P(K) .

KeB

Conditioning on the outcome K = F,, of the first round, for every h : K — [r], let



20 VOJTECH RODL AND ANDRZEJ RUCINSKI

Ap, be the event that there is an extension h : F, — [r] of h such that A = h on K
and there are less than an®~!p*~!+% monochromatic (s, F)-solutions in F, in each
color. Then

P(AK) = P(J AnlK) < r*""'P(A™[K) ,
h

where hg maximizes the conditional probability. Thus, all we have to show is that
(8) P(-B) = e=m
and that

(B) for every K € B and for every r-coloring h of the elements of K,
P(Ah,|Fp1 — K) S e—bznpz ,

where b; and b, are constants and 4(log7)p; < baps.

The first component of the event B, the inequality |Fy, | < 2np1, is an immediate
consequence of Chernoff’s inequality. Now we shall prove the essential part of the
statement (A).

Given an r-coloring h of Fy,, for each element x € F, let ol be the number
of (s — 1, F')-solutions colored by color i, focused on z, and contained in Fj, . By
our inductive assumption S(r, s — 1), we know that, with probability 1 — e=0"7p1,

b =b(r,s — 1,d), for every h, there is an i such that

(6.1) > ol >a(r,s — Ld)n lphmi+et
zEF
We want to show that the number ¢ of those x’s for which the parameter oz( - Qg

exceeds 1/(2n) of the right-hand side of (6.1) is at least d'n. (cf. the definition of
of H; and of property B.)

Let us order the o/,s from high to low

()51 Z . Z Z / k—l—lplf—l'i's—l

> gyl 2 2 QF| -

[\Dll—\

Then

1
Zai > 5a/nk—zpllc—z+s—1 .
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If ¢ > %Z:zl o, then

1
£> éa/nk—lpllc—l+s—1 .

As, by (1.1) and the fact that A, has k —!+ s columns and s rows, ma, > %,
we have, with p; = e1n~/™4: and ¢; > Ga—d,', that ¢ > d'n.

Otherwise, i.e. when ¢ < %Z:zl «;, we denote by X the number of pairs of
(s — 1, F)-solutions focusing on the same element and contained in Fj,,. Observe
that X =} p (%). We aim toward bounding X from above. As a first step we
now attempt to bound the expectation of X, E(X). To this end, consider a fixed
(s — 1, F)-solution z = (21, ..., 2k—i+s—1) and let zx_;+s be its focus. Any other
(s — 1, F)-solution x with the same focus intersects z in some ¢ — 1 > 0 elements.
Let Q, |Q| = ¢, be the subset of columns of matrix A, corresponding to the variables
of x which coincide with some values of z, including z;_;+s. The probability that
a pair X,z is present in F,, is precisely pf(k_”s_l)_(q_l). Thus, for some suitably

chosen constant a,, by Proposition 2.1,

E(X) < alnk—lnk—Hs—q—th?(k—Hs—1)—q+1

where () maximizes the above quantity and hg = h(AQ).
Assume for a moment that with probability close enough to 1, X < 2E(X).
Then,

(6.2) > (‘2’”) < 2E(X) < 2a;nFipk—t+s—a—hop2(k—l+s—1)—q
zeF

Then, by Jensen’s inequality,

lag 1,1
% t k=l k—l4+s—1\2
Z<2>2§(§an 2 )

=1
Comparing the last inequality with (6.2), we obtain
(a')?

t > Enq+hQ—Spl{—1 > d/’l’L

for sufficiently large p; (cf. Definition 1.1 of m4 and apply it to Ay).
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Unfortunately, we cannot claim the inequality X < 2E(X) with sufficiently high
probability. Therefore, we need to refine our approach. For E C [n], let Xg be the
number of pairs of (s — 1, F')-solutions with the same focus contained in F,, \ E.
We will show that, with probability at least 1 — e~%1"P1  there exists a set Ey C [n]
such that X5, < 2E(X), while at the same time, for every 2-coloring of F,, \ Ey,
an inequality only slightly weaker than (6.1) is valid. This will enable us to literally
repeat the above argument with only minor adjustments.

To achieve that, we will apply Corollary 2.1 with 4 > 0 and so small that the
inequality (2.1) holds with the constant &’ from (6.1). Furthermore, let S be the
family of all pairs of (s—1, F')-solutions focusing on the same element and contained
in F, and let property Q state that inequality (6.1) holds for every r-coloring, with
p1 replaced by (1 — 6)p1. In other words, the property Q considered here is the
family of all subsets R C F' such that for every partition R = R1URyU...U R, we

have

> ol 2 ank (1 = py)H
zEF

in at least one of the sets R;. Note, that by fixing (1 — §)p;, we made property Q
independent of p and that, therefore, it is increasing.

Replacingp; by (1 — §)p; in(6.1), we obtain
P(F1_s)p, € Q) < 27Vn(1=0p1

Now, by Corollary 2.1, with probability at least 1 — 2-0"mP1 — 2-t/6 there is a set
of Eg C Fp,, |Eo| =t = 56(%)p3, such that both, (6.1) holds for Fy, \ Eo with the
extra factor of (1 — §)*¥=+5=1 on the right, and Xg, < 2E(X).

Thus, all our previous estimates hold, with the additional factor (1 — §) raised
to the appropriate power, and so, ¢ > d'n, for small enough §. This completes the
proof of fact (A).

In order to prove (B), consider an outcome K € B of the first round and a
coloring h of K. By the definition of B, we have |K| < 2np; and, for some i € [r],
|H;(K,h)| > d'n.
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Set D = H; \ K and observe that |D| > .999d'n = d"n.

Let § > 0 satisfy the inequality (2.1) with ¥’ = b(r — 1, s,d”)/d"”. We now apply
Lemma 2.3 with D = F, p = py, and Q being the property from the statement
S(r —1,s), i.e., setting a” = a(r — 1,s,d"), Q is the family of all subsets R C D
such that for every (r — 1)-coloring R = Ry U...UR,_1, in at least one of the color
classes there are at least a’'n*~!((1 — §)p2)*~1*+% (s, F)-solutions. Finally, we set
t = 26|D|po.

As, by statement S(r — 1, s),
P(Da_s)p, € Q) < 9—(1=6)b"|D|pz
we infer, by Lemma 2.3, that
(6.3) P(Dy, ¢ Q) <2717l

i.e., with high probability, for every subset E C D,,, |E| < t, the set D,, \ E still
has the property Q.

Now, we let the adversary finish the coloring of Fj,. More formally, we consider
an extension h : F, — [r] of h: K — [r].

Recall that D C H;(K, h) for some fixed color i € [r] and consider two cases.

If the coloring h uses color i less than ¢ times on D,,, then, by (6.3), after
deleting the elements of color %, the remaining set still has property Q, i.e. there is
a color j (4 # i) such that there are at least a/'n*~!((1 —§)p2)*~t*+° (s, F)-solutions
in color j.

If, on the other hand, coloring h uses color ¢ at least ¢ times on D,, C H;, then,

recalling the definition of H;, we infer that there are in Fj, at least

1
tia/nk—l—lpllc—l+s—1 > gnk-lph-i-1

(s, F)-solutions in color 7, for a suitable choice of constant a > 0. Hence, fact (B)

and therefore the entire statement S(r, s) is proved. [
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7. PROOF OF THE (-STATEMENT

For the proof of the negative part of Theorem 3.1 we assume that p = ¢cn~1/™4,
where c is a sufficiently small constant.

Let A be an ! x k irredundant, partition regular matrix of full rank [. For @ C [k]
and Q = [k]\ Q, let r?, r2Q,..., rlQ, and r?, r?,..., rlQ be the rows of AQ and A9,
respectively. (Recall that due to our peculiar notation A@ consists of columns ci,
i€Q.)

Set h = h(A®?). Without loss of generality assume that the first A rows r?,...,
r,? of matrix A? are linearly independent. Hence, for each i, h < i <1,

— h 3 —

o,
=

for some &%,...,0%.
The following definition is crucial in our proof.
Definition 7.1 The matrix B = B(A, @) is the matrix consisting of |@| columns

and ! — h rows

i=h+1,..,1.
For a vector x = (z1,...,z) and 0 # Q C [k], let xg = (zi)ieq. The following
claim describes an important property of matrix B = B(A4, Q).
Proposition 7.1. For every § # Q C [k], if Ax = 0, then Bxg = 0.
Proof.
Let Ax = 0. Thus, denoting by r; the i-th row of A,
(7.2) riX = riQxQ + r?xQ

i=1,..1.

Combining (7.1) and (7.2), we get, for i =1,2,...l — h, that

rh+sz Z 6’rQ
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or subsequently Bxg =0. O
Definition 7.2 We will call an [ x k, irredundant, partition regular matrix A,
with h(A) = I, strictly balanced if, for every @ C [k], 2 < ¢ = |Q| < k, the inequality

qg—1 < k—1
g—1+h(A9) -1 " k-1-1

holds.

For instance, the matrix A corresponding to the system of equations (1.1), the
solution of which are arithmetic progresions of length &, is, by the argument leading
to formula (1.3), strictly balanced. Our next lemma says that a strictly balanced
matrix can be associated (in the sense of Definition 7.1) with any irredundant,

partition regular, full rank matrix.

Lemma 7.1. Let A be an | x k, irredundant, partition reqular matriz, with h(A) =
I, and let qo be the smallest integer with the property that there exists Qo C [k],

|Qo| = qo, such that

max g—1 _ go—1
X T+ h(A9) =1 qo— L+ h(AQ0) —] °

Then, the matrizx B = B(A, Qq) is strictly balanced.

The proof of the Lemma 7.1 will follow from the next Proposition 7.2.

Proposition 7.2. Let Q C Qo C [k] and let B? be the matriz obtained from
B = B(A,Qq) by omitting the columns of Q. Then

h(A®) = h(B?) + h(A) .
Note. For @ = () the Lemma implies that h(A4) = h(B) + h(AQ0). If h(A) =1,
this means that the matrix B is of full rank.
Proof of Proposition 7.2.

Set U = {u: A% = 0} and V = {v : BYv = 0}. Let us consider a linear

mapping defined by ¢(u) = (u)g,\q-
The proof of Proposition 7.2 will be an easy consequence of the following Propo-

sition 7.3 7.1, the proof of which is postponed until later.
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Proposition 7.3. The mapping ¢ : U — V is a homomorphism onto V.

Set W = ¢~1(0). By the dimension theorem,
(7.3) dim(U) = dim(W) + dim(V) .

Clearly, we have

(7.4) dim(U) = k — g — h(A9)

and

(7.5) dim(V) = qo — g — h(B?) .
As

$71(0) = {u= (0,w) € U; where w = (u)g,} = {(0,w) : A%w = 0}

and the last subspace of U is isomorphic to the space {w : A% w = 0}, we also

have
(7.6) dim(W) =k — qo — h(A9°) .

Combining (7.3-7.6) yields Proposition 7.2. [
Proof of Proposition 7.3.

Let us first prove that ¢(U) C V. For u = (v,w) € U, where v = ug,\g and
W = ug,, consider a k-dimensional vector x = (0,u), where (x)g = 0. Then
Ax = 0 and by Proposition 7.1, By = B(A,Qo)y = 0, where y = (x)g,. As
y = (0,v), where (y)g = 0 and (y)g,\¢ = v, we conclude that BYv = 0 and
hence v € V.

Finally, we verify that the mapping ¢ is onto V. This means that we need to
show that every v € V has “an extension” u € U satisfying ug,q = 0.

Let v € V, i.e. let B9v = 0. By the definitions of matrices B = B(4, Qo) and

B@, we have, for every i = 1,2, ..., — h,
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h
(7.7) r?j_}Qv = Z 6;r?°\Qv
j=1

where h = h(AQ°) and the coefficients 8% also satisfy
— h 3 —
(7.8) rgf”_z = Z 6;-riQ° .
j=1

Consider now the system of linear equations
(7.9) rfow = —riQO\Qv Y v,

1 =1,...,1, with variable w and fixed v.

As, due to our notation, the row vectors r?o, j =1,..., h, are linearly indepen-

dent, the system of the first h equations in (7.9), i.e. the system

; — —P?O\QV — bJ ,

j = 1,...,h, has a solution w. Due to (7.7) and (7.8), this solution satisfies the
remaining [ — h equations of (7.9) as well. Setting u = (v,w), we infer by (7.9)

that Au=0,ie. ueU. O
Proof of Lemma 7.1.

Recall first that the matrix B = B(4,Qo) has g0 = |Qo| columns, | — h(A%°)
rows and the full rank h(B) = [ — h(A%°) (cf. Note after Proposition 7.2).

Suppose now that the matrix B is not strictly balanced, i.e. there exists ¢} C Qo,
g = |Q| > 2, such that

g—1 S qgo—1
q—1+h(B9) — (I —h(A9)) = go — 1~ (I — h(A%)) °

By Proposition 7.2, however,

qg—1 _ qg—1
g—1+h(B?) — (I —h(A%)) ~ ¢—1-(I-h(49))"’

which contradicts our choice of Q}y. [
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By Proposition 7.1, if F — (A), then FF — (B),. Hence, when proving the
O-statement of Theorem 3.1, we may assume without loss of generality that A is
strictly balanced, since if this were not the case, one could replace A with B =

B(A,Qq), where Qg is as in Lemma 7.1. Thus, we now have

k—1 E—i—1

ma = m and P = cn” k-1

Also we may restrict our attention to the case when r = 2, since, trivially, for
r> 2, F — (A), implies F — (A)a.

Our proof will consist of two statements, one deterministic, saying that the
property F' — (A)s implies the existence of a certain structure in F', while the
probabilistic statement will almost surely exclude that structure from the random
set Fp. We shall need a few definitions first.

A simple path is a hypergraph consisting of edges F1,....,F;, [ > 1, such that

1ifj=i+1, i=1,..,01-1

|E; N E;| = { )
0 otherwise .

A fairly simple cycle is a hypergraph which consists of a simple path (E1, ..., E}),

[ > 2, and an edge Ej such that

life=1
|EgNE;j|={ 0fori=2,..,01—1
sifi=1,

where s > 1. A fairly simple cycle is said to be simple if s = 1. A fairly simple but
not simple cycle will be called spoiled.

A simple path P of a hypergraph H is called spoiled if it is not an induced
subhypergraph of H, i.e. there is an edge F in H such that F ¢ E(P) but E C
V(P).

A subhypergraph Hj of H is said to have a handle if there is a edge F in H such
that |E| > |[ENV(Hy)| > 2.

For a set of integers F' and a matrix A, let H(F, A) be the hypergraph with the
vertex set V(F') whose edges are the sets of all-distinct solutions of Ax = 0 which

are contained in F'.
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Deterministic Lemma. IfF — (A), then the hypergraph H (F, A) contains either

a fairly stmple cycle with a handle or a spoiled simple path.

Probabilistic Lemmma. If p and A are as above then, almost surely, the random

hypergraph H(F,, A) contains neither a fairly simple cycle with a handle nor a

spoiled simple path.
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The proof of Deterministic Lemma.

Assume that F' — (A)y. This is equivalent to saying that the chromatic number
of H(F, A) is at least 3. We may assume that H(F, A) is edge-critical with respect
to that property or otherwise we could replace H(F, A) with its 3-edge-critical

subgraph, ignoring some F-solutions of Ax = 0. As such, it satisfies the following

property.

Proposition 7.4. If H is a 3-edge-critical hypergraph then for every edge E € H

and for every verter v € E there is E' € H such that ENE' = {v}.
Proof.

Let H be a 3-edge-critical hypergraph, and suppose that there is an edge £ € H
and a vertex v € F, so that every edge E’ containing v contains also another vertex
of E. By the 3-edge-criticality, the edges of G can be blue-red colored in such a way
that only F is monochromatic, say blue. Now, by changing the color of v to red,
FE ceases to be monochromatic and, at the same time, no other edge of H becomes
monochromatic, since every edge containing v contains also a vertex colored blue.
This is, however, a contradiction with the fact that the chromatic number of H is
3. O

Let P be the longest simple path in H = H(F, A). By Proposition 7.4, P
contains at least two edges of H. Let z and y be two vertices which belong to
only the first edge of P, and let E, and E, be two edges of H (read: solutions
to Ax = 0) whose existence is guarantied by Proposition 7.4, i.e. E, N E; = {z},
z=1,y.

By the maximality of P, h, = [V(P)NE,| > 2, z = z,y. Let i, = min{i > 2:
E,NE; # 0}, z = z,y, and assume that, say, 4y < i5. If h, = k for some z, then
P is a spoiled simple path. Otherwise, the edges F1,...E;_, E, form a fairly simple

cycle for which E, is a handle. [1
The proof of Probabilistic Lemma.

Let X,Y, Z, and W be random variables counting, respectively, simple paths of



RADO PARTITION THEOREM FOR RANDOM SUBSETS OF INTEGERS 31

length at least Blogmn, spoiled cycles, simple cycles of length less than Blogn + 1
with handles, and spoiled simple paths of length less than Blogn in the random
superhypergraph H(F,, A), where B = B(c, A) is a big enough constant. Straight-
forward estimates show that their expectations all converge to 0 as n — co. Below

we frequently use the equation

pk—l=1pk—l _

P c.

Indeed, by Proposition 2.2(i),

E(X)<O Z nk—ln(t—1)(k—l—1)pk+(t—1)(k—1) =0 | np Z ot :0(1).
t>Blogn t>Blogn

For estimating both, Y and Z we will utilize the following consequence of our
assumption that the matrix A is strictly balanced. It is easy to verify that the

inequality of Definition 7.2 is equivalent to the inequality
h—q—ho— ——(k—g) <0
q9—nQ A q ;

where hg = h(A®). (This is because both these inequalities are equivalent to
I(k — q) < k(hg —1).) This implies that, for each Q, with 2 < ¢ = |Q| < k,

(7.10) nk=1=haopk=a — o(n=*)

for some € > 0.

To estimate E(Y'), we begin with a pair of edges which spoil the cycle, i.e. which
intersect each other on at least ¢ > 2 elements, and continue along the cycle until
the last edge closes it by sharing one vertex with both the previous and the first

edge. Thus, by Proposition 2.1, Proposition 2.2(i) and (ii), and by inequality (7.10)

E(Y) <O ZZnk—lpknk—q—thk—q(nk—l—1pk—1)t—3nk_2_lpk_2
t>2 Q

=0 Zth_lnk_q_thk_q =o(1) .

t>2 Q
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Similarly,
Blogn
E(Z) =0 Z Znt(k—l—l)pt(k—l)(logn)k—lnk—q—thk—q — 0(1) ’
t=3 Q

where the logarithmic factor represents the number of choices of the elements at
which a handle is attached to the cycle. The spoiled simple paths can be classified
into two types: those with at least one spoiling edge intersecting an edge of the path
in at least two vertices, and the others. Let us denote their numbers by Ws and
W1, respectively. We have W = W1 + W, and, clearly, Wy > 0 implies Y > 0. Thus
we need to worry only about W;. However, if a spoiling edge E intersects each edge
of a simple path P in at most 1 vertex, then there is a subhypergraph consisting
of a simple cycle C; (made by E and a segment of P between two consecutive
intersections with E) and a simple path P; with its end-edges intersecting two
consequtive edges of (', each in one vertex, but otherwise being disjoint from Cf.
Let U count such configurations in H(F,, A). Thus, W7 > 0 implies that U > 0
and we need to estimate E(U). Designating ¢; to represent the number of edges in

C; and to for the number of edges in P;, we have, again by Proposition 2.2(i) and

(ii) 3

E(U) =0 Z Z Ctl (nk—l—lpk—l)t2—1nk—l—2pk—2 — O(l/np) — 0(1) )

t12>23t22>1

Thus, by Markov’s inequality, P(X =Y =Z =W =0) — 1 as n — 0o, which was
to be proved. [l

Acknowledgments. We would like to thank an anonymous referee and the Edi-
tor, Dr. Brenner, for many suggestions leading to an improvement of the exposition

of the paper.

REFERENCES

1. B. Bollobas, Random Graphs, Academic Press, 1985.
2. P. Erdés and P. Turan, On some sequences of integers, J. London Math. Soc. 11 (1936),
261-264.

3. P. Frankl, R. Graham and V. Rodl, Quantitative theorems for regular systems of equations,
J. Combin. Th., Series A 47(2) (1988), 246-261.



10.

RADO PARTITION THEOREM FOR RANDOM SUBSETS OF INTEGERS 33

R. Graham, V. Rodl and A. Ruciiski, On Schur properties of random subsets of integers, to
appear, Journal of Number Theory.

S. Janson, Poisson approximation for large deviations, Random Structures & Algorithms 1(2)
(1990), 221-229.

R. Rado, Note on combinatorial analysis, Proc. London Math. Soc. 48, 122-160.

V. Rédl and A. Ruciniski, Threshold functions for Ramsey properties, J. Amer. Math. Soc.
8(4) (1995), 917-942.

I. Schur, Uber die Kongruenz ™ + y™ = 2™ (modp), Jber. Deutsch. Mat. Verein. 25 (1916),
114-117.

E. Szemerédi, On sets of integers containing no k elements in arithmetic progression, Acta
Arithmetica 27 (1975), 199-245.

B. L. van der Waerden, Beweis einer Baudetschen Vermutung, Nieuw Arch. Wisk. 15 (1927),
212-216.



