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Abstract

For any positive integers � and � , let �
	 � � �
� denote
the family of graphs on � vertices with maximum degree� , and let ��	 � � ��� �
� denote the family of bipartite graphs�

on � � vertices with � vertices in each vertex class, and
with maximum degree � . On one hand, we note that any�
	 � � �
� -universal graph must have ��	 �
� ��� � � � edges. On
the other hand, for any �����
� 	 � � , we explicitly construct�
	 � � �
� -universal graphs � and � on � and � � vertices,

and with � 	 � � ��!�"$#% & ' ( % ) � and � 	 �
� � #%�* + , - � � �
� edges, re-
spectively, such that we can efficiently find a copy of any�/. ��	 � � �
� in � deterministically. We also achieve sparse
universal graphs using random constructions. Finally, we
show that the bipartite random graph �10��2	 ��� ��� 34� , with35076 �8� #9 %8* + , - � � � � is fault-tolerant; for a large enough
constant 6 , even after deleting any : -fraction of the edges of� , the resulting graph is still ��	 � � ;4	 :
� ��� ;4	 :
� �
� -universal
for some ;=< > ? � @ ��AB	 ? � @ C .
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1 Introduction

For a family � of graphs, a graph � is � -universal if� contains every member of � as a subgraph. For exam-
ple, the complete graph J=K is �=K -universal for the family�=K of all graphs on at most � vertices. The construction
of sparse universal graphs for various families arises in the
study of VLSI circuit design, and received a considerable
amount of attention, see, e.g., [6], [7], [8] and their refer-
ences. Since in some applications the cost of a vertex is
higher than that of an edge, one is particularly interested
in tight � -universal graphs, i.e., graphs whose number of
vertices equals L M N OQP RTS U 	 � � S .

Most of the previously known constructions of sparse
universal graphs for various families are based on the ex-
istence of small separators in these families. Since here
we consider families of graphs that do not necessarily have
small separators, we need some novel techniques. These
combine the notion of the strong chromatic number of
a graph, introduced in [1], various properties of random
graphs, an embedding technique based on matching the-
orems, developed in [3] and [17], a structure result on
sparse regular pairs proved in [12], a sparse version of Sze-
merédi’s regularity lemma, and a hypergraph packing result
from [16].

Let �
	 � � �
� denote the family of all (pairwise noniso-
morphic) graphs on � vertices in which every degree is at
most � . We claim that the minimum number V of edges in
any ��	 � � �
� -universal graph must be at least ��	 �8� ��� � � � for�2�5� . This lower bound follows from the obvious inequal-
ity W�X Y � K � � Z [ X \ �1S ��	 � � �
� S and the well known (see, e.g.,
[11], Cor. 9.8, page 239) asymptotic formula for the number] � ^ K of all labelled � -regular graphs on � vertices, ��� even:] � ^ K 01	 @`_ba 	 @ � � c � d �
" � 9 � - ) � e2f � � � �d � � � � g h K � � K � � i
Let Vj	 � � �
�k0lV be the minimum number of edges in an�
	 � � �
� -universal graph. The inequalities

Z [ X4\
m Z � n [X�\ X
for o m � �8p � and S ��	 � � �
� S`� ] � ^ K4p ��g yield the claimed
lower bound Vj	 � � �
�`0���	 � � ��� � � �

1



for the number of edges of any �
	 � � �
� -universal graph (on
any number of vertices). If � � is odd, simply observe that
an ��	 � � �
� -universal graph is also ��	 � � ���5@ � -universal.

Having just lower-bounded Vj	 � � �
� , we now focus on
upper-bounding Vj	 � � �
� , with both explicit and random-
ized constructions. It follows from the celebrated Blow-up
Lemma [14] that Vj	 � � �
��0ja 	 �
� � . Via explicit construc-
tions we obtain stronger upper-bounds, of the form �8� � � ,
for some strictly positive ; that depends only on � , as stated
in the following theorem. (Note that Vj	 @ � �
��0 � �8p � � .)
Theorem 1.1 There exists an absolute constant 6��5? such
that for every �b� � and ���l��� 	 � � there is an explicitly
described ��	 � � �
� -universal graph � with � vertices and at
most �
� �	� � � 
 � � � edges, such that we can find a copy of any�/. ��	 � � �
� in � in deterministic polynomial time (in � ).

Thus, in view of the ultimate lower bound, the above con-
struction is not too far from being best possible. We can also
describe an even smaller explicit construction (although
here the number of vertices is larger.)

Theorem 1.2 For each � , there is a finite 
8	 � � such that
for each � there is an explicitly described ��	 � � �
� univer-
sal graph � , with at most 

	 � � �
� � #%�* + , - � � � edges and � �
vertices.

In fact, almost every graph on � � vertices that has as
many edges as � 0B�k	 � � �
� has is ��	 � � �
� -universal, as
the next theorem implies. We say that a random graph pos-
sesses a property asymptotically almost surely, and write
a.a.s., if the probability of the event in question tends to 1
as �
A�� .

Theorem 1.3 For every ���l? there exists a positive con-
stant 6�0 6 	 � � such that, for every �j�B� , the random
graph � 	 � 	 @�_�� � �	� � 34� with 3�0$6 � � - � � 	 * + , �
� - � � a.a.s.
is �
	 � � �
� -universal. Consequently, for ������� 	 � � there is
an ��	 � � �
� -universal graph � with � 	 @�_�� � �	� vertices and,
say, at most 	 @`_�� � � 6 �
� � - � � 	 * + , �
� - � � edges.

A related Ramsey theoretic statement is considered by
Kohayakawa, Rödl and Szemerédi [13].

With some more work we are able to get rid of the an-
noying factor of @�_�� , but only in the bipartite case and for
a slightly higher edge density. For �
�1� let �
	 � � ��� �
� be
the family of bipartite graphs with � vertices in each vertex
class and with maximum degree at most � . Let �2	 ��� ��� 34�
be the random bipartite graph with � vertices in each color
class and edge probability 3 .

Theorem 1.4 There exists an absolute positive constant 6
such that, for every ���j� , a.a.s. �2	 ��� ��� 34� is �
	 � � ��� �
� -
universal, where 3j0 6 	 * + , �8p �
� - � � � . Consequently, for��� ��� 	 � � there is an �
	 � � ��� �
� -universal, bipartite
graph � with � vertices in each color class and at most� 6 �
� � - � � � 	 * + , �
� - � � � edges.

It turns out that the same random graph enjoys a related
property. For a real number : , where ?��l:�� @ , we say
that a graph � is : -fault-tolerant with respect to a family
of graphs � , if every subgraph of � with at least a @��: fraction of the edges of � is � -universal. In general,
restricting to bipartite graphs is unavoidable here, as for any
graph � , there is a bipartite subgraph ��� of � with at least
half the edges of � .

Theorem 1.5 For every ���1� and ?��1:�� @ there exist
constants 6��T? and ���T? such that a.a.s. �2	 ��� ��� 34� is : -
fault-tolerant with respect to �
	 � � � �8p ��� � � �8p ��� � , where3�0 6 	 * + , �8p �
� - � � � . Consequently, for � �$��� 	 � � there
is a bipartite graph � with � vertices in each color class
and at most � 6 �
� � - � � � 	 * + , �
� - � � � edges, which is : -fault-
tolerant with respect to ��	 � � � �8p ��� � � �8p ��� � .

The rest of this extended abstract is organized as follows.
In Section 2 we sketch the proof of Theorem 1.1. In Sec-
tion 3 we describe � , and present a proof of a proposition
with much of the power of Theorem 1.2. In Section 4 we
prove Theorems 1.3 and 1.4. In Section 5, we discuss The-
orem 1.5. Finally, Section 6 contains some concluding re-
marks.

2 The strong chromatic number and univer-
sal graphs

The techniques in [8] can be used to construct ��	 � � �
� -
universal graphs with � 	 �
� p * + , � �
� edges. To obtain the
better construction needed in the proof of Theorem 1.1 we
combine a new technique with the main result of [1]. This
construction, besides providing graphs with a rather small
number of edges, is simple, and supplies an efficient algo-
rithm for embedding any given member of ��	 � � �
� in the
graph constructed. The construction is in fact so simple
that for �l0"! and any � which is a power of @ # , say,� 0 @ # $ , it can be described in one (short) sentence, as
follows. The vertices are all vectors of length % over the
alphabet & @ � � � i i i � @ # ' , and two are adjacent if and only if
they differ in all coordinates.

Let
�

be a graph with S U=	 � � S�0l� . If ( divides � we
say that

�
is strongly ( -colorable if for any partition ofU 	 � � into pairwise disjoint sets U X , each of cardinality (

precisely, there is a proper ( -vertex coloring of
�

in which
each color class intersects each U X in exactly one vertex. If
( does not divide � , we say that

�
is strongly ( -colorable if

the graph obtained from
�

by adding to it ()� �8p ( �*�
� iso-
lated vertices is strongly ( -colorable. The strong chromatic
number of

�
, denoted by + $ 	 � � , is the minimum ( such

that
�

is strongly ( -colorable. It is not difficult to check
that if

�
is strongly ( -colorable, then

�
is also strongly	 ( _5@ � -colorable.
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The notion of strong chromatic number is studied in [1],
where the following result is proved. (It is easy to see that
if � 	 � � m @ then + $ 	 � � m � .)
Theorem 2.1 ([1]) For every �2�5� :
(i) There exists an absolute constant � such that if � 	 � � m� then + $ 	 � � m � � i
(ii) If � 	 � � m � then + $ 	 � � m � � � - i

The constant � is very large, so that for small values of �
the assertion of part (ii) is better than that of part (i).

We next show how to apply the above result for the con-
struction of universal graphs. It is easier to describe the
construction when the number of vertices is a power of the
maximal strong chromatic number of the graphs with max-
imum degree no greater than � . The general case will be
given in the full paper. For two integers ( and % , let �2	 (�� % �
denote the graph whose ��0 ( $ vertices are all vectors of
length % over the alphabet & @ � � � i i i � ( ' , where two are ad-
jacent if and only if they differ in all coordinates. Note that� 	 (�� % � is 	 (���@ � $ -regular, and hence its number of edges
is @� ��	 (��5@ � $ m � ��f (��T@( h 
 � � K � 
 � ��� m � � � - � � 
 � � � i
Proposition 2.2 For every two positive integers ( and % ,
the graph �2	 (�� % � contains every graph

�
on �50 ( $ ver-

tices with + $ 	 � � m ( .
Proof: To prove this proposition, observe that it suffices
to show, for each

� 0l	 U`� � � , the existence of an injective
mapping ��< UlA�& @ � i i i � ( ' $ such that
(a) �8	 � � and �8	 � � � do not agree on any component if � � � .
� .
This is what we do next. Split the vertex set U of

�
arbi-

trarily into disjoint subsets of size ( each and find a proper
coloring of

�
so that each color class contains precisely

one vertex in each of the subsets. Let U X denote the set of
vertices colored o in this coloring. Note that the U X ’s parti-
tion U , and that each of the ( sets U X is an independent set
of cardiality precisely �8p ( 0�( $ � - . Next, split each set U X
arbitrarily into disjoint sets of size ( each, and find another
proper coloring of

�
so that each color class contains pre-

cisely one vertex in each of the sets. Let U X � denote the set
of all vertices colored o in the first coloring and colored 	
in the second. Note that the U X � ’s partition U , each of the
( � sets U X � is of cardinality ( $ ��� , and if o 	 and o � 	 � have a
common coordinate, then there is no edge of

�
connecting

a member of U X � with a member of U X 
 � 
 . Let us continue
on with this line of reasoning, for general � m % , to partitionU into ( � sets each of cardinality ( $ ��� , and with each such
set U�
 indexed by a unique � . & @ � i i i � ( ' � , such that there
is no edge in

�
between U�
 and U�
 
 if � and �	� agree on a

coordinate. When �
0 % , each such U�
 has only one vertex;
so for any � . U , put �8	 � �`0�� if & � '�0�U�
 ; it follows that
� is injective, and satisfies (a).

Notice that by Proposition 2.2 and by Theorem 2.1(ii),
the graph � 	 @ # � % � contains every graph

�
on at most��0l@ # $ vertices with maximum degree ! and has no more

than � - � � � � � edges. Moreover, by the fact that the proof
of Theorem 2.1(ii) given in [1] provides a linear time algo-
rithm for the corresponding algorithmic problem, the proof
above supplies an � 	 � * + , �
� algorithm for finding a copy
of any such given

�
in � 	 @ # � % � . For larger values of � ,

Proposition 2.2 and Theorem 2.1(i) supply the assertion of
Theorem 1.1 if � is a power of

� � � � , and supply an efficient
deterministic algorithm that uses the Algorithmic Lovász
Local Lemma, given in [5] (see also [2]) for finding the re-
quired embeddings as well; with a careful implementation,
the running time is ��	 * + , �
� � , where 6Q0��2	 @ � .

To obtain an �
	 � � �
� -universal graph with precisely �
vertices, where � is not a power of

� � � � , the construction
has to be slightly modified. The details will be given in the
full version of this paper.

3 A sparse explicit ��� � � ��� -universal graph

We now explicitly describe the graph � promised by
Theorem 1.2. We construct �T0��k	 � � �
� from � , a graph on
a set U of �8p * + , ��0�� vertices. We now describe � . Each
� . U 	 �
� is associated with a vector in & @ � i i i � � - � � ' � .
The edge � � � is in � 	 �
� if and only if the vertices � and
� � agree on at least one coordinate. To form � � from � , re-
place each vertex � . � with a set U�� of  	 �2_j@ � * + , �
vertices, Interconnect each vertex of U�� with each other, for
each � . U 	 �
� , and interconnect each vertex of U�� with
each vertex of U�� 
 if and only if � � � . � 	 �
� , and call the
resulting graph � ��0!� � 	 � � �
� . As we show in the full ver-
sion of this paper, the graph � � is �
	 � � �
� -universal and has" # 	 ��_T@ � � �
� � #%�* + , - � � � edges, but has  	 �`_T@ � � vertices.

To form � from � � , let � be a bipartite graph with ver-
tex classes U=	 � � � and a set $ of � � vertices, such thatS % ! 	 &�� S ��S &kS for each &�'5U 	 � � � , and such that the max-
imum degree of � is 
 � 	 � � , for some finite function 
	� . It is
well known that we can explicitly construct such an � . We
set U 	 �`� 0($ . For each two vertices ) , ) � in $ , put the
edge ) ) � into � if there exist two vertices � and � � such that
� � � . � � , and ) ��� ) � � � . � . The following theorem implies
Theorem 1.2.

Theorem 3.1 The graph �k	 � � �
� is �
	 � � �
� -universal.

We will present the proof of Theorem 3.1 in the full ver-
sion of this paper. It is easier to prove the following propo-
sition that has much of the power of Theorem 3.1. We con-
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struct a small graph �� � 	 � � �
�T0��� � , which is ��	 � � ��� �
� -
universal, from a graph �� on a set U of � � vertices. We next
describe �� . The set U=	 ��
�20$U is partitioned into sets U �
and U - , each of cardinality � , such that, for �Q0j? � @ , each
� �
. U � is associated with a vector in & @ � i i i i � � - � � ' � . For

each � � . U � , and � - . U - , the edge � � � - is in � 	 ��
� if and
only if � � and � - agree on at least one component. We now
construct �� � from �� . Replace each � . U with a set U�� of* + , � vertices, and for each edge ��� . � , interconnect each
vertex in U�
 with each vertex in U�� ; the resulting graph is
�� �80��� � 	 � � �
� . Note that �� � 	 � � �
� has � � * + , � vertices and� � � � � #% * + , � � edges. We prove the following proposition
(using only elementary arguments).

Proposition 3.2 �� � 	 � � �
� is ��	 � � ��� �
� -universal for each � ,
and for � sufficiently large.

Proof: Fix an arbitrary
� . �
	 � � ��� �
� , and let

�
and�

be the two vertex classes of
�

. Add edges between
�

and
�

until each vertex in
�

has degree exactly � , and each
vertex in

�
has degree at most � � , and call the resulting

graph
� � . We will now show that there exists an �5< ���� A U 	 ��
��0lU such that S �
� - 	 � � S m * + , � for each � .U , and �8	 �4� �8	 � � is an edge in �� if � � is an edge in

� � . Then� � is a subgraph of �� � , and so �� � is �
	 � � ��� �
� -universal.
We show the existence of such an � via a probabilistic

argument. Let ��< � A U � be chosen uniformly from U	�� ,
where 
�� denotes the set of functions from & to 
 , for any
sets & and 
 . We now extend the domain of � to

�
in the

following fashion. Each vertex � .
� shares a neighbor
in
�

with at most � � � other such
�

; partition
�

into sets� - � i i i � ��� , where � 01� � �Q_�@ , such that no two vertices in
the same

�
� share neighbors in

� � . For any ordered � -set
&�0 & � - � i i i � � � ' ' � , let us define ��	 &�� as the vector in
& @ � i i i � � - � � ' � whose 	 -th component, 	�0 @ � i i i � � , is the
	 -th component of �8	 � � � . We now specify �1< � � A U -
for each (�0 @ � i i i � � . For each � .�� � , order arbitrarily
%2O 
 	 � � , and set �8	 � �`0��4	 %2O 
 	 � � � . If the edge � � is in

� � ,
then �8	 �4� �8	 � � is an edge in �� . We make some observations.

Observation 1: If S �
� - 	 � � S m * + , � for all � . U with
positive probability, then �� � is �
	 � � ��� �
� -universal.

Observation 2: The sets %2O 
 	 � � and %2O 
 	 � � � , with
��� � � .�� � , and each

�
� , are mutually disjoint, and each

has cardinality � . Therefore, since �$< � A U � is dis-
tributed uniformly on U �� , each resulting ��< � � A U - is
also distributed uniformly on U � �- .

By Observation 2 and elementary probability, for each ( ,
the probability that there exists a � . U - such that S �
� - 	 � � ��
� Sk� * + , �8p � is at most �8p > 	 	 * + , �
� p � � g C �/�8�4e for �

sufficiently large. Since there are at most �k_�@ such ( , and
�8_�@��T� for � sufficently large, the proposition follows by
Observation 1.

4 Random graphs as universal graphs

Consider the probability space of all graphs on � labelled
vertices in which every pair of vertices forms an edge, ran-
domly and independently, with probability 3 . We use the
notation � 	 ��� 34� to denote a graph chosen randomly ac-
cording to this probability measure; i.e., for any graph �
on � labeled vertices and with � edges, � > � 	 ��� 34�`0��kC�03�� 	 @*� 34� 	 � 9 � ��� . Similarly, we define the bipartite random
graph � 	 ��� ��� 34� . For any two disjoint sets of vertices U -
and U � , we use the notation � 	 U - � U � � 34� to denote a graph
chosen according to the probability space in which every
pair � - � � � of vertices, such that � - . U - and � � . U � , forms
an edge, randomly and independently, with probablility 3 .

It has been shown in [3] that, given a particular
� .�
	 � � �
� , the graph

�
is a.a.s. a subgraph of �2	 ��� 34� , for

some 3j0 6 �8� #%�* + , - � � � , where 6 is a sufficiently large
constant independent of � . By a simple averaging argu-
ment, it follows that �2	 ��� 34� a.a.s. contains almost every�B. ��	 � � �
� as a subgraph. To show that a random graph� 0B�2	 	 @2_ � � ��� 34� a.a.s contains every

� . �
	 � � �
�
as a subgraph for each fixed � �j? , we show, via Lemma
4.1 that � a.a.s. satisfies certain properties, and then prove,
via Lemma 4.2 that any graph that satisfies these properties
must be ��	 � � �
� -universal; we use Proposition 4.3 in the
proof of Lemma 4.2.

The proof of Theorem 1.4 is similar in structure to the
proof of Theorem 1.3. We show, via Lemma 4.4 that �$0�2	 ��� ��� 34� a.a.s. satifies certain properties, and then prove,
via Lemma 4.5, that any graph that satisfies these properties
must be ��	 � � ��� �
� -universal; we use Proposition 4.6 in the
proof of Lemma 4.5.

We now present the proofs of Theorems 1.3 and Theo-
rems 1.4.

Proof of Theorem 1.3
The next two lemmas suffice to prove Theorem 1.3. A

star 	 ��� &�� is a vertex � connected to each member of the
set of vertices & . (We write 	 �4� &�� . � (or 	 �4� &�� is a star
in � ) if and only if � � . � 	 � � for all � . & .)

Lemma 4.1 Fix � � ? and set % 0 	 @=_ � � � . Let� - � i i i ��� , where ��0/� � _l@ , be fixed subsets that par-
tition the vertex-set U of the random graph � 	 % � 34� , such
that S � � SQ0 % p � for each ( . If 3l0 6 �8� - � � 	 * + , �
� - � � ,
where 6 � 	 " �4	 � _�@ � p � � - � � , then a.a.s. � 	 % � 34� satisfies
the following properties
(a) There are at most 	 @`_�� � � 6 �
� � #% 	 * + , �
� - � � edges.
(b) For each ( , and for every collection � of % m �8p � pair-
wise disjoint, non-empty subsets of U� � � , each of size at
most � , and for every set 
 ' � � of !`0 % p ��� % vertices,
there is at least one star 	 �4� &�� , where � . 
 and & . � .

Proof: Part (a) follows by the standard estimates for bi-
nomial distributions (or simply by Chebyshev’s inequality).
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To prove the assertion of part (b), note that the probability
that (b) fails to hold is at most

�
K � ��
$ � - f % � h $ f %=p �% h 	 @ �=3 � � $ � m �

K � ��
$ � -
� %
� � -��� � % � � � $

05a 	 @ p ��� � i
Lemma 4.2 Let �101	 U�� � � be a graph on %/�T� vertices,
and let �b0l� �k_1@ . Let

� - � i i i � ��� be disjoint subsets ofU , each of cardinality %=p � . If � and
� - � i i i � ��� satisfy

the assertion of part (b) of Lemma 4.1, then � is �
	 � � �
� -
universal.

Proof: We will show that, for each
� . ��	 � � �
� , there

exists an ��< U 	 � �`A U such that
(I) � is injective, and
(II) �8	 ��� �8	 � � . � if � � . � 	 � � .
Thus � is �
	 � � �
� -universal. Fix an arbitrary

� .�
	 � � �
� . By the Hajnal-Szemerédi Theorem [10] there are
sets
� - � i i i � ��� that partition U=	 � � so that each

� X is a two-
independent set of

�
, and S � X S401�8p � for each o . (We say

that a set
� � of vertices is a 2-independent set in a graph� � if no two vertices in

� � share a neighbor, and if
� � is an

independent set in
� � .)

We will define � recursively on each
� X , o20 @ � i i i � � ;

let � be any injective embedding from
� - to

� - . For anyo . & @ � i i i i � �)� @ ' , let us now assume that we have extended
� to
� - � i i i �	� X , that �8	 � - � i i i � � X �
	 � - � i i i �	� X , and

that � is still injective. We now extend � to
� X � - , specifying

that �8	 � X � - ��' � X � - .
Let us define an auxiliary bipartite graph � " X � - )� between� X � - and

� X � - where there is an edge between � .�� X � -
and � . � X � - if and only if �8	 % O 	 � � ��> � - � i i i � � X C � '%�
`	 �k� . Suppose that �8	 � �T0 � for some � such that

� � . � " X � - )� for each � .�� X � - , and each o�_l@ . Since
each

� X � - is an independent set in
�

, that will guarantee
that � satisfies (II). Suppose � " X � - )� has a matching V X � -
that saturates

� X � - , for each o _ @ , and that �8	 � ��0�� , where
� � . V X � - , for each � . � X � - , and each o8_1@ . Then �
satisfies (I) as well as (II). The next observation follows.

Observation 3: If � " X � - )� has a matching V X � - that satu-
rates

� X � - , then Lemma 4.2 follows.
We next present Claim 1.
Claim 1: Let � be any injective function that is in> � - � i i i � � X C � # � � � � � � � . Then d ��� � � # �� 	 &8� 
k���1? for each

&�	 � X � - , and for each 
�	 � X � - such that S 
 S �S � X � - S �5S &kS .
(Proof of Claim 1: Let & be any nonempty subset of� X � - , and 
 be any subset of

� X � - such that S 
 ST0S � X � - S � S &kS . Let us write &Q	 � ��0 �8	 %2O 
 	 � � �k> � - � i i i � � X C �

for each � . � X � - , and �10 & &Q	 � ��< � . &*' . Because �
is injective and

� X � - is 2-independent in
� � , the set � is a

collection of S &kS disjoint � -subsets of
� - � i i i � � X . There-

fore, because � and
� - � i i i � � X satisfy the assertion of part

(b) of Lemma 4.1, 	 �2� &Q	 � � � . � , for some � . & and
� . 
 . But if 	 � � &Q	 � � � . � , then � � . � " X � - )� , and
Claim 1 follows.)

Thus, by Claim 1 and Proposition 4.3, each � " X � - )� has
a matching saturating

� X � - . Therefore, in view of Observa-
tion 3, Lemma 4.2 follows.

Proposition 4.3 Let � 0 	 � � � � � � be a bipartite graph
such that S � S�0(� - and S � S�0(� � , with � � � � - . Ifd � 	 &�� 
�����? for every two sets & ' � and 
�' � such
that S 
 S ��� � ��S &kS , then � has a matching saturating

�
.

From Lemmas 4.1 and 4.2, Theorem 1.3 follows imme-
diately.

Proof of Theorem 1.4
The next two lemmas suffice to prove Theorem 1.4.

Lemma 4.4 Let U - and U � be disjoint sets of vertices each
of cardinality � . Fix subsets

� - � i i i � � � 9 that partition U �
such that S � � S 05�8p � �k0�� . Then, for all 6k��! and �2�5� ,
a.a.s. the random bipartite graph �2	 U - � U � � 34� , where 3b06 	 * + , �8p �
� - � � � , satisfies the following properties:
(a) The minimum and maximum degree are within the range� 3�� c � .
(b) For each ( , every � -element subset &�� of U - , the number
of stars 	 � � � &4� � , where � �

. �
� , is at least �234� p � .

(c) For every collection � of %20 �234� p � pairwise disjoint,� -element subsets of U - , and for every % -element subset 

of U � , there is at least one star 	 �4� &�� , where � . 
 , and
& . � .

Proof: Parts (a-b) follow trivially by Chernoff’s bound.
To prove the assertion (c), observe that there are at mostZ K
$ \ �
� $ ��� N �	& 	 � _j@ � % * + , � ' choices of the set 
 and

collection � . Consider an auxiliary bipartite random graph�2	 % � % � 34� � between the selected set 
 and the % � -tuples
of � , whose edges are the stars 	 ��� &�� of � 	 ��� ��� 34� . The
probability of no edge in �2	 % � % � 3�� � is smaller than 	 @��34� � $ 9 ��� N �	& � % � 34� ' m � N �	& ��� 9 %� � 9 % * + , � ' .
Lemma 4.5 Let U - and U � be disjoint sets of vertices, each
of cardinality � , and let � be a bipartite graph on U - � U �
with vertex classes U - and U � . Let

� - � i i i � � � 9 be subsets
of U � . Suppose that � and

� - � i i � � � 9 satisfy (a)–(c) of
Lemma 4.5. Then � is �
	 � � ��� �
� -universal.

Proof: We will show that for each
�B. �
	 � � ��� �
� there

exists an �
< U 	 � �`A U - � U � such that
(I) � is injective, and
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(II) �8	 ��� �8	 � � . � 	 � � if � � . � 	 � � .
Thus, � is ��	 � � ��� �
� -universal. Fix an arbitrary

� .�
	 � � ��� �
� and denote by
�

and
�

its two vertex classes.
By the Hajnal-Szemerédi Theorem there is a partition

� 0� - � i i i ��� � 9 , such that each
� X is two-independent in

�
and S � X S 0lS � X S for each o .

We will first choose a suitable bijection �l< � A U - ,
and then extend � to

�
, by simultaneously specifying ��<� X A � X for all o . Given �b< � ABU - , define the auxiliary

graph � " X )� 0l	 � X � � X � � " X )� � , where there is an edge in � " X )�
between � . � X and � . � X if and only if %�
Q	 �k���
�8	 %2O�	 � � � . Suppose each � " X )� has a perfect matching V X .
Then for each � .�� X , and each o , set �8	 � �=0�� , where
� � . V X . The resulting �
< � � � A U - � U � satisfies (I)
and (II). The next observation follows.

Observation 4: If there exists some ��< � A U - such
that each resulting � " X )� has a perfect matching, then Lemma
4.5 follows.

To this end, we will use Proposition 4.6, stated below.
Let o be any integer in & @ � i i i � � � ' . We first show that the

degree of each � .�� X in � " X )� is at least � 0��234� p � . We
then show that d � � � �� 	 &8� 
k���l? for each & ' � X and 
('� X such that S &kS 0lS 
 S 0�� . We finally show that the degree

of each � .�� X in � " X )� is at least � for a random bijection
�
< � A U - .

Claim 2: For any � . U �- , the degree of each � . � " X )�
is at least � 0��234� p � .

(Proof of Claim 2: Let � X be any arbitrary vertex in
� X ,

and let � be any function in U �- . Note that �8	 % O 
 	 � � � �
is a set of cardinality no greater than � in U - . Therefore,
because � and

� - � i i i � � � 9 satisfy the assertion of part (b)
of Lemma 4.4, there are at least � vertices � X . � X such
that 	 � X � �8	 % O 	 � X � � � is a star in � . But � X � X . � " X )� if	 � X � �8	 % O 	 � X � � � . � , so Claim 2 follows.)

Claim 3: For any � . U �- that is injective, d ��� � �� 	 &8� 
k� �? for any subset & 	 � X and any subset 
 	 � X such thatS &QS 0lS 
 S 0�� .
(Proof of Claim 3: Let &�' � X , and let 
 ' � X such thatS &QS 0lS 
 S 0�� , and let � be any function in U �- that is injec-

tive. Because � is injective, and
� X is 2-independent in

� � ,
the collection & �8	 %2O 	 � � � � � . &*' is a disjoint collection of� sets of size at most � in U - . Therefore, because � satisfies
the assertion of part (c) of Lemma 4.4, 	 �2� �8	 %2O2	 � � � � is a

star in � , for some � . & and � . 
 . However, � � . � " X )�
if 	 �2� �8	 %2O 	 � � � � . � , and Claim 3 follows.)

Thus, to prove Lemma 4.5, all we need to show now is
(*) there exists an � such that the degree of each � . � X in� " X )� is at least � for all o . & @ � i i i � � � ' .
Indeed, Claims 2 and 3, and (*) imply, in view of Proposi-
tion 4.6 stated below, that there exists an �b< � A U - such
that each � " X )� has a perfect matching; in view of Observa-

tion 4, this proves Lemma 4.5. To show (*) we will apply
the probabilistic method.

For each � .�� , let o be such that � .�� X . For each
� . U �- , let ��� be the number of vertices � in

� X such
that %2O 	 � � '(�
� - 	 %�
Q	 �k� � . Note that ��� is the degree

of � in � " X )� , so (*) follows if there exists an � such that���7� � 34� p � for all � . �
. We now fix an arbitrary

� . � and show that �2	 ���5� �234� p � �k0j@��ba 	 @ p �
� , if
� is chosen according to the uniform distribution on the set
of injective functions of U �- . Note that this suffices to show
(*). We now compare ��� to yet another random variable� �� which is easier to work with.

Let us write � . � X . Let
�
	 �

be a random subset of�
such that each � . � belongs to

�
	 �
independently

with probability � ��0/S %�
Q	 �k� S p � . Let ���� 0/S & � .�� X <
% O2	 � ��	 �
	 � ' S . Since S � X S�0$�8p � �
0(� , and the sets
% O2	 � � , � .�� X , are mutually disjoint, � �� has the binomial
distribution 
 	 �b� � �� � , with expectation ��0 ��� �� . How-
ever, � �� �1	 6 �8� - � � * + , �
� p � , since � is assumed to satisfy
(a) of Lemma 4.4. Therefore, we note that

��0���� �� �5� �23 � p !�� c � i
Hence, by Chernoff’s inequality (see e.g. [11], Thm.2.6,
page 26), it follows that

� 	 � �� m � 3 � p � � m � 	 � �� m ! �8p " � � m � N �	& ���8p " � '
� � N ��� � c ��� i

However, by Pittel’s inequality (see e.g. [11], formula (1.6),
page 17),

� 	 ��� m � 3 � p � � m�� S %�
`	 ��� S � 	 � �� m � 3 � p � �0�a 	 @ p �
� i
So (*) follows, and so does Lemma 4.5, as discussed above.

Proposition 4.6 Let � 0 	 � � � � � � be a bipartite graph
such that S � S 0$S � S40�� . If there exists a positive integer� such that (a) each vertex in

�����
has degree at least� in � , and (b) d � 	 &�� 
����$? for every two sets & ' �

and 
!' � such that S &kS 0 S 
 S 0�� , then � has a perfect
matching.

Theorem 1.4 follows immediately from Lemmas 4.4 and
4.5.

5 Fault-tolerance of random bipartite graphs

The proof of Theorem 1.5 is based on a combination of
a sparse version of the regularity lemma with a hypergraph
packing result and several additional ideas. This proof is
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more complicated than the previous proofs in this paper and
requires three additional lemmas. We describe these lem-
mas here and postpone the actual proof to the full version
of the paper. The first lemma is a special case of Lemma 20
in [12] (with :�� �8� (�� � replaced, resp., by � p � � @ p � � � � 3 ).
For a bipartite graph � with vertex classes � and

�
and

for any non-empty subsets ��� '�� and
� � ' � , we de-

note by d �Q	 ��� � � � � the number of edges between ��� and� � , and by

� � ^ �Q	 � � � � � ��0 d �`	 � � � � � �38S � � S S � � S (1)

the 3 -density of the pair 	 ��� � � � � in � , where ?��53 m @ .
In particular, we set � �Q	 ��� � � � �k0�� - ^ �Q	 ��� � � � � . We say
that the pair 	 ��� � � � � is 	 3 � � � -regular in � ifS � � ^ �Q	 � � � � � �)��� � ^ �`	 � � � � � � � � S � � (2)

for all ��� � '���� and all
� � � ' � � for which S ��� � S ��� S ��� S

and S � � � SQ� � S � � S . A pair which is not 	 3 � � � -regular is
sometimes called 	 3 � � � -irregular. If ���40�� and

� �40 � ,
we then also say that � is 	 3 � � � -regular. For a set 	 . > �kC �
(that is, an � -element subset of � ), we define its joint degree
in � , which we write as � d � �`	 	�� , as S �% 
Q	 	�� S ; which is the
number of vertices that are adjacent in � to every vertex in	 . Finally, �2> �`� � C stands for the subgraph of � induced
by � � � .

Lemma 5.1 ([12]) For all � �1� , ����? , and 
 ��? , there
is ����? such that a.a.s. � 01� 	 ��� ��� 34� with 3b���8� � � � �
satisfies the following property. Suppose � '7U - , � 'U � are sets of size at least �
� � � , and � is a 	 3 � � � -regular
subgraph of �2> �`� � C with d �`	 �Q� � �Q��� d 
Q	 �Q� � � . Then





 � 	 . > �kC � <�� � , � 	 	�� � @� 	 � �Q	 �`� � � � � S � S � 




m 
 f S � S� h i (3)

Our next tool is the following version of Szemerédi’s
Regularity Lemma (see e.g. [11], page 215, Lemma 8.18).
For ?��T3 �j@ , �2�j@ and � ��? , call a graph �b	 3 � � � �
� -
bounded if for every pair of disjoint subsets �Q� � '�U 	 �
�
with S � S � S � S8���`S U 	 �
� S we have � � ^ � 	 �`� � � m � . Fur-
thermore, let � 0 	 � - � i i i � � � � be a partition of U=	 �
�
and suppose ( divides S U 	 �
� S . We say that this partition is	 3 � ��� � � ( � -regular if S � - S 0jS � � S 0 i i i 0jS � � S and for all
except at most � Z �� \ choices of the indices @ m o�� 	 m ( ,
the pairs 	 � X � � � � are 	 3 � � � -regular in � . In the lemma be-
low we begin with a bipartite graph and obtain a partition
which subdivides the original bipartition.

Lemma 5.2 For all ���$? , �b�/@ and ( ���$? there ex-
ist � �/? and J such that the following holds. For ev-
ery choice of the scaling factor 3 , and a 	 3 � � � �8� -bounded
bipartite graph � on a vertex set U 0 U - � U � , whereS U - S=0 S U � S is divisible by JTg , there exists a subparti-
tion �B0 	 � -- � i i i � � -� � �k�- � i i i � �k�� � of 	 U - � U � � which is	 3 � ��� � � � ( � -regular for some ( m J .

We also need a hypergraph packing result. Given an � -
uniform hypergraph � on � vertices and 
���? , we define
a recursive family of 	 -uniform hypergraphs ���� , for 	�0� � ���1@ � i i i � @ . Set � �� 0�� and, given ���� , define ���� � -
as the family of all 	 	��T@ � -tuples � which are contained in
more than 
 ��	 -tuples of � �� , or in other words, for which� � , � �� 	 �
� ��
 � .

The hypergraph packing result that we need is a special
case of Theorem 2 from [16]; this was proved only for bi-
jections � , which is the tightest case. However, the proof
can be literally repeated step by step also in a more relaxed
setting when the hypergraph � has fewer vertices than � .
We say that a one-to-one function �T< U=	 �5�kABU=	 �Q� is a
packing of � and � , if 
 �0 �8	 %
� for every 
 . � and ev-
ery % . � ; or shortly, �8	 �5� ���50�! , where �8	 �5� denotes
the image of the hypergraph � . We say that �	� � is obtained
from �	� by a switching if there exists a pair & �4� ��' such that
� � 	 � �`0 � � � 	 �k� , � � 	 ���`0 � � � 	 � � , and � � 	 ���`0 � � � 	 ��� for all
�"�. & ��� ��' .
Lemma 5.3 ([16]) For all integers �
�1� , and for all #��? , there exist 
 �l? and � � such that the following holds.
If � and � are two � -uniform hypergraphs on, resp., � -
and � � vertices, � � m � - m � � , satisfying � 	 �5� m �
and � " � )- 0�! , then at least half of all 	 � � � � # one-to-one
functions �	��< U=	 �5�`A U 	 �Q� can be turned into a packing
� of � and � by a sequence of at most #�� � switchings.

The derivation of Theorem 1.5 from these lemmas will
be given in the full version of the paper.

6 Concluding remarks

It would be interesting to close the gap between the upper
and the lower bound for the minimum possible number of
edges in an �
	 � � �
� -universal graph on � vertices. Note
that the lower bound holds even for the number of edges of
any graph that contains a reasonable fraction of all � -regular
graphs on � vertices (when � � is even).

The application of the Hajnal-Szemerédi theorem in the
proofs of Theorems 1.3–1.5 is not essential, but is con-
venient. Instead one could use the (algorithmic) packing
lemma of Sauer and Spencer [18] (we would pack

�
and the

union of � � �
_
� cliques of order �8p 	 � � �
_
� � , doubling the
number of rounds). Thus, our proofs can be made algorith-
mic in the sense that, for example, if indeed a given graph �
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satisfies the assertions of Lemma 4.1, then one can find an
embedding of any member of �
	 � � �
� in � in polynomial
time, using some standard matching algorithms. However,
the problem of checking whether a given graph � satisfies
these assertions does not seem to be solvable by a polyno-
mial time algorithm.
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