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Abstract

For a fixed graph H, the ramsey number r(H) is defined to be the least integer N such
that in any 2-coloring of the edges of the complete graph K, some monochromatic copy of H
is always formed. Let H(n,A) denote the class of graphs H having n vertices and maximum
degree at most A. It was shown by Chvatél, Rodl, Szemerédi and Trotter that for each A there
exists ¢(A) such that r(H) < c(A)n for all H € H(n,A). That is, the ramsey numbers grow
linearly with the size of H. However, their proof relied on the well-known regularity lemma of
Szemeredi and only gave an upper bound for ¢(A) which grew like an exponential tower of 2's
of height A. This was remedied substantially in a recent paper of Eaton, who showed that one
could take c¢(A) < 22 for some fixed c. Eaton, however, also used a variant of the regularity
lemma in her proof.

In this paper, we avoid the use of the regularity lemma altogether, and show that one can
in fact take, for some fixed ¢, ¢c(A) < 264008 2* in the general case, and even ¢{A) < 2¢Alg 2
if H is bipartite. In particular, we improve an old upper bound on the ramsey number of the
n-cube due to Beck. We also show that for a fixed ¢’ > 0, and for all n and A, there are graphs
H' € H(n,A) with r(H') > 2¢®n, which is not so far from our upper bound.

In addition, we indicate how the upper bound result can be extended to the larger class of
so-called p-arrangeable graphs, introduced by Chen and Schelp.

1 Introduction

For any graph H, we will denote by r(H) the least integer N such that in any 2-coloring of the edges
of Ky, the complete graph on N vertices, some monochromatic copy of H must always be formed.
The existence of r(H) is guaranteed by the classic theorem of Ramsey, and indeed, we will refer to

r(H) as the ramsey number of H. For dense graphs H, r(H) tends to grow exponentially in the size

*Supported by NSF grant INT-940671 and NSF grant DMS-9704114
TSupported by NSF grant INT-940671 and KBN grant 2 PO3A 032 16



of H. For example, the extreme case of H = K, has r(K,,) lying roughly between 2%/? and 4" (see

[9] for more precise bounds).

However, for relatively sparse graphs, r(H) grows much more modestly. A particular class which
has been investigated from this perspective is H(n,A), the class of graphs H having n vertices and
maximum degree at most A. It was shown by Chvatal, Rédl, Szemerédi and Trotter [6] that for

each A there exists a constant ¢(A) so that for all H € H(n,A), we have
r(H) < e(A)n.

That is, the ramsey numbers for these H grow linearly in the size of H. Unfortunately, their estimate
for ¢(A) was very weak, since the proof used the powerful regularity lemma of Szemerédi [17] (it
grew like an exponential tower of 2’s of height A). In fact, a beautiful recent result of Gowers [8]
shows that the best bounds in general that are possible using the original Szemerédi lemma have
this form, i.e., there are graphs whose decompositions require such gigantic numbers. Very recently,
Eaton [7] improved the upper bound for ¢(A) to a function of the form 22°% by using a more effective
variant of the regularity lemma. For bipartite graphs H a similar, doubly exponential bound follows

from a weakening of the regularity lemma due to Komlés (cf. Corollary 7.6 in [13]).

In this note we dispense with the regularity lemma altogether, and obtain a bound of the form
c(A) < 20A(log A)” for a suitable constant ¢ > 0. We also show (cf. Section 5) that for all n and A

there are graphs H' € H(n, A) such that
r(H') > 2°%n

for a fixed constant ¢’ > 0. Moreover, we can make H’ bipartite. Thus, the upper and lower bounds

are becoming reasonably close.

In fact, in the case of a bipartite graph H € H(n, A), we can further narrow the gap by dropping
one logarithmic factor in the exponent (cf. Section 3). In particular, we improve an old upper bound

on the ramsey number of the n-cube due to Beck [2].

Part of the motivation for this work arose from an attempt to attack the following conjecture of
Burr and Erdés [3]: For all § there exists a constant ¢(d) such that for all graphs H on n vertices in

which every subgraph has minimum degree at most 8, we have

r(H) < ¢(0)n.
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Burr and Erd6s offered $25 for settling this conjecture, but they also wrote “However, it seems to
be quite difficult, and probably further work must continue to be in the direction of partial results.”
While this conjecture still remains unresolved, Chen and Schelp [5] have introduced the class of
so-called “p-arrangeable” graphs, and showed that they also have linearly growing ramsey numbers.

In Section 4, we indicate how our methods apply to this larger class as well.

Throughout the paper we will be using notation Ng(v) for the set of neighbors of a vertex v

which belong to a set S, and Ns(T') = U, Ns(v), where T is another set of vertices.

2 The upper bound

We first settle on some notation. If G is a graph with vertex set V, and U C V, then G[U] will
denote the induced subgraph of G in U, and e(U) will denote its number of edges. The edge density
d(U) of U is defined by

diU) = %
The maximum degree of G is denoted by A(G). If X and Y are two disjoint subsets of V then
G[X,Y] denotes the induced (bipartite) subgraph of G on X UY, e(X,Y") stands for its number of
edges and the density of the pair (X,Y) is defined by

_ eX,Y)
1 X11Y]

We will say that G is (p,d) -dense if for all U C V with |U| > p|V|, we have d(U) > d. Similarly,
we will say that G is bi-(p,d)-denseifforall X CV, Y CVwithXnY =0, |X|>p|V], [Y|>

d(X,Y)

p|V], we have d(X,Y) > d. It follows by a simple averaging argument that if G is not (p,d) - dense,
then there is a set U of order |U| = |p|V|] with d(U) < d. Similarly, if G is not bi-(p, d) - dense,
then there are disjoint sets X CV, Y CV of order | X|=|Y]|= [p|V]], withd(X,Y) <d.

We may assume that H has no isolated vertices. Thus, for A = 1, H is a matching, and it is an

easy exercise to show that r(H) = 3n/2 — 1 (it also follows as a special case of Thm. 9 in [4]).

Theorem 1 For some positive constant ¢, and for all integers A > 2, and oll n > A+ 1, if

H € H(n,A) then

r(H) < 2080088y,



Before going into details, a rough sketch of the proof is as follows. For N large, let E(Ky) =
Ggr U Gp be any 2-coloring of the edges of K. If the graph Gg on the set of Red edges is not
(p, d) - dense for appropriate p and d, then Gg must have a large subset U with maximum degree at
most |U|/(2A) which, in turn, will imply (by an easy graph packing result — see Lemma 3 below)
that H and Gg can be packed edge disjointly in Ky, i.e., Ky has a Blue copy of H.

On the other hand, if Gg is (p,d)-dense then we will show that it contains a large subgraph
Bg which is bi-(p’, d') - dense (again, for suitable p’ and d'). From this, it will follow that Bg must

contain a copy of H, which of course, gives us a Red copy of H.

To carry out the proof of the second part, we will need two lemmas. Lemma 1, in a sense,

replaces the Szemerédi regularity lemma. A similar technique was used in [12].

Lemma 1 For all numbers s, 3, p,d such that 0 < 8,p,d < 1, s > log,(4/d) and (1 — 8)** > 2/3,
the following holds. If G is a ((2p)°8°71,d) - dense graph on N wertices, then there exists U C V
with [U| > p*718°72N such that G[U] is bi-(p,d/2) - dense.

What we will actually show is that if for all U with |U| > p*~18°~2N, G[U] is not bi-(p,d/2)-
dense, then G is not ((2p)*8°~!,d)-dense. Specifically, assume that

For all U C V with |U| > p*~18°2N, there are disjoint X,Y C U
with

(*)
|X| > p|U|,|Y| > p|U| such that d(X,Y) < d =d/2.

Our ultimate goal is to prove that condition (x) implies the existence of a set Z C V with

1Z] > (2p)*8°~'N and d(Z) < d.

We will prove by induction that for all 1 < ¢ < s there are disjoint sets W;, 1 < ¢ < 2¢, with

|W;| = =z satisfying

d'z} ()

Ze(Wi,Wj) < a-pg2=2’

i<j
where z; = p?8t~'N. Then we will take Z = |J>_, W;.

First, let us take U = V itself. Thus, [U| = N > p*~18°72N, so by (*) there are W1, W, C U,



|W1| > pN, |W3| > pN with d(W1,Ws) < d'. By averaging, we can assume |W;| = |W2| = 1 = pN.
Thus, we have e(W;,W,) < d'z?, which is inequality (1) for ¢t = 1.

Next, consider Wi. Since |W1| = 21 = pN > p* 132N, we can apply (*). This means we can
find Ay, By C Wy with |Ay| > pz1,|Bi1| > pz1 so that d(A41, B1) < d'. Again, by averaging we can
get much smaller sets A C Ay, Bl C By, with |A]| = |Bi| = pBz1 = z2 such that
d(A,B}) < d,ie., e(A},B}) < d'(pBz1)?. Now, remove A} and Bj from W; to form Wl(l). Then
‘Wl(l)‘ =z — 2pBz1 = z1(1 — 2p8) = p(1 — 2p8)N > pBN > (pB)*~1 N, where the first inequality
follows from our assumption, which, in particular implies that 8 < 1/3. Thus, we can apply (*)
again to get A}, By C W) with |A}| = | B}| = pBz1 = 2 and d(A), BY) < d', i.e., e(A}, By) < d'z2.
Now form W1(2) by removing A4 and B) from Wl(l), and continue. We will continue as long as what
is left, say Wl(l_l), has size ‘Wl(l_l)‘ > Bz1. Each time we remove a set of size 2z5 from Wl(j_l) to
form Wl(j ), Thus, when we finally get stuck, we will have [ > %;ﬁ) and the final remainder Wl(l)

will have size at most 8x1 = pGN.

We also carry out the same process for W5, ending with C, D1,...,C],D;. Here, for all i =

1,1,
|Ail = |Bjl = |Cj| = |Dj| =2,  e(A},B) <d'z3, ande(C},D;)<d;

We would like to find a pair X; = A; U B}, Y; = C; U D’; so that e(X;,Y;) is small. First, throw out
Wl(l) and WQ(”, leaving W, = Wl\Wl(l), We = WQ\WQ(”, so that |Wl| =zo = |W2|
Consider the sum }_; ; e(X;,Y;) < e(W1,Ws) < d'z?. Since the sum has [? terms then for some
choice of 7 and j we have
d'z? < Ad' 2

2T (1-8*
Thus, setting T1 = A;, T = B}, T3 = C}, Ty = D); we obtain

e(Xi,Yj) <

4d' 2 4\ d'z?
Y el Ty) < 2dah + — 25 < ( )722
<ii<a (1-0) 2/(1-5)

Now we consider the general case. Suppose that for k& < s we have defined Wy ,Ws, ..., Wo
with |W;| = 25, = p*8% 1N so that
d'z} (2;)
> e(Wi, W) < A= g2 - (2)

i<j



We will focus on W;, and apply (*) repeatedly. As before, this will give us pairs A}(¢), B;(i),
1 <j <, with |A;(z)| = |B;(z)| = Zp41 = pPBzy, and with the remainder set Wi(l) having
‘Wi(l)‘ < Bay. We also have e(A4)(i), Bj(i)) < d'z},,. We do this for all the W;, 1 < i < 2F. The

previous argument now shows that [ > %ﬁl

Consider the sum
S= Y e(Zu(1),Ziy(2),... , Ziy (2F))
i17~~~7i2k

where Z;; (j) = A, (j))UB; (), 1<1; <1, 1< < 2% and e(Z(1),Z(2),...,Z(2*)) denotes the
total number of edges spanned by the 2*-partite graph with vertex sets Z(1),... , Z(2*). Now, each
edge in E(Z; (r), Z;,(s)) is counted 12" =2 times in the sum. Thus, by (2), we infer that

d'a} ()12

S <
(T - 5
Since the sum S has 2 terms then for some choice of 11,02y« 509k,
d'z2 (2’“)l2’“—2 d' z2 (2’“)
A Zi\ o

e(Zi1 (1), ZiQ (2), e ,Zi2k (Qk)) (1 _ /6)2k_2l2k = l2(1 _ ,3)214:—2 )

But for each of the 2% pairs A} (j) UBj, (j) = Zi, (j), we have e(4}, (j), B}, (j)) < d'z;,,. Thus, the

total number T of edges between the 2511 gets
A (1), Bl (30), AL, (52), By (o), - -« » AL, G ), Bl ()
is bounded above by

k
T < dlx%) (22 )

k 2
— l2(1—ﬂ)2k_2 +2 dl$k+1 .

Since I > %ﬁl then we find that

2 2 (2F
Ty, - 4z 1( )
T < d (27+2+2k$i+1
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verifying (1) for t =k + 1.



s 2
We continue now until we reach ¢ = s. Thus, we have Wy, Ws, ..., Wss with at most % (22 ) u—facﬁ
“crossing” edges (between any two W's). On the other hand, within the W; there are at most 2¢ (%)
edges altogether so that the total number of edges spanned by Z = [J; W; is at most

d (2% 72 Zs 252,
— — 5 4 2° d
() a2 (3) <('5)
since s > log,(4/d) and (1 — 8)%* > 2/3. However, |Z| = 2%z, = 2°p*3*"1N and so the claim is

proved. This proves Lemma, 1. O

We say that a graph H can be embedded into graph G if there is an injection f : V(H) — V(G),
called an embedding, such that for every edge zy € E(H), we have f(z)f(y) € E(G). Lemma, 2 is
a standard embedding result.
Lemma 2 For all integers A > 1 and n > A+ 1, and for all positive numbers a, € and v such that

A—r —
(fy — re) a>1 for r=0,.,A (3)

the following holds. If graphs H and G satisfy

(i) H € H(n,A),

(i) |V(G)| = a(A + 1)n, and

(i) G is bi-(/(A + 1),7) - dense,
then H can be embedded into G.
When applying this lemma, in the proof of Theorem 1, we will choose a = (16A)2, & = 1/(16A)4,
and v =1/(16A). Then condition (3) will be satisfied with room to spare.

Proof: The proof is adapted from Chvatal et al. [6]. Partition V(G) into V(G) = A;U...U Aat1,
where |4;| = an. Note that H can be partitioned into A + 1 independent sets. Let V(H) =
X1 U...UXAa41 be one such partition. We shall construct an embedding f such that f(Xz) C Ag
forevery k =1,2,...,A+1. Write V(H) = {z1,22,... ,zp} and L; = {z1,22,... , 23}, =1,2,...,n,
Lo = ). We will apply induction on i =1,...,n.

Assume we have already embedded the set L;, so that foreach k = 1,2, ..., A+1, f(L;NXg) C Ag.
For each y € Xy, \ L;, let C; be the set of the vertices of Ay adjacent to the images of all already



embedded neighbors of y, i.e., the vertices of G adjacent to every vertex in the set f(Ng,(y)). (In
particular, we have Cg = Ag.) In other words, C; is the set of possible candidates for the image
of y, if y were to be embedded in the (i + 1)st step. This set may shrink each time one of at most
A neighbors of y is being embedded. Our goal is to show that its unused portion, i.e., C; \ F(Ls),
survives as nonempty by the time y is to be embedded. But to achieve this goal for all vertices y
of H, we will have to keep the sets C; sufficiently large. Namely, we will maintain the following

condition at all times. For every i = 0,1,...,n and every y € Xg \ L;, |Ci| > +*(Wan , where

v(i,y) = |Nr;(y)|-

For i = 0, there is nothing to prove. Next, suppose that for some i > 1, the set L; of the
first ¢ points z1,...,%; have been successfully embedded. We must now embed z = ;41 into an
appropriate v € C%. Let Y = {y1,...,y-} be the set of not yet embedded neighbors of z, f Y = 0,
then we may take any v € Ct \ f(L;) as the image of z. Thus, assume that 1 < r < A. We claim
that there is a vertex v € C%. \ f(L;) such that for all y € Y, we have |Nci (v)| > ¥|Ci|. This
will complete the proof, since, setting f(x) = v, we have CZ;‘H = C; if y is not adjacent to z and

Cit! = Ng; (v) otherwise.

To verify the claim, note that the set C! is disjoint from all sets Cz, y € Y. By the induction
assumption,
ICi| > v*®an > v*Tan
and, for each y € Y,
|C;| >~y2"lan > ean
where the last inequality follows from condition (3). Let W, be the set of all vertices in C% with

fewer than |CZ| neighbors in Ci. Then we have [W,| < ean, since otherwise there would be a

contradiction with the fact that G is bi-(e/(A + 1),7) - dense. Thus,

Ci\ U W,| >~2Tan — rean > n
yey
by condition (3). Hence, the set (C; \Uyey Wy) \ f(L;) is nonempty, yielding the existence of the

required vertex v. O

Before we turn to the proof of Theorem 1 we still need one simple lemma. Given two graphs G
and H, with |V(G)| > |V (H)|, we say that there is a packing of G and H if there is an embedding
of H into the complement G of G.



Lemma 3 Let H be an n-vertex graph with maxy cp 6(H') <0 and let G be a graph with
|[V(G)| > 2n and A(G) < |V(GQ)|/(25). Then there exists a packing of H and G.

Proof: Let us order the vertices of H as z1,%s, ..., L, so that for each i, vertex z; has at most §
neighbors in the set L; = {z1,...,2z;}. Assume we have already packed H[L;]. Since the images of
the neighbors of z;11 in L; have together at most JA(G) < |V(G)|/2 neighbors in G, there is at least
one vertex in G not adjacent to any of them. This vertex can be taken as the image of x;1, yielding
a packing of H[L;y1] and G. There is nothing that can stop us from repeating this procedure until

the entire graph H is packed with G. O

Comment. This lemma has a bipartite version as well: if H is an n-vertex bipartite graph with
maxgcyd(H') <6 and V(G) = X UY, where | X| = |Y| > 2n and A(G[X,Y]) < |X|/(26) then
there exists a packing of H and G.

Proof of Theorem 1: Set V = [N] and suppose we are given an arbitrary 2-coloring of the edges

of Ky, forming the two graphs Ggr and Gp on the vertex set V of Ky, consisting of the Red and
Blue edges, respectively.
Case 1: Suppose Gg is not (p1,1/(8A))-dense, where p; will soon be specified. Thus, there exists
U C V with |U| = ptN and d(U) < 1/(8A). At most $p1N vertices of U have degree larger than
or equal to 2 - (1/(8A))p1 N. Removing these (and more if necessary), we can find U’ C U so that
|U'| = Lp1N and A(Gg[U']) < 1/(4A)p N = |U'|/(2A). Thus, by Lemma 3, provided |U’| > 2n,
we can find an edge disjoint packing of Gr[U’] and H in (the complete graph on) U’. In such a
packing, all the edges of H must be Blue, i.e., H C Gp, and this case is completed. (If we have
used a tight packing lemma of Sauer and Spencer [16], we would only need |U’| > n. This saving of
a factor of 2, however, would not have any significant impact on our result.)

Case 2. Suppose Gg is (p1,1/(8A))-dense. It is now time to specify all the constants. Let
y=1/(164), e=1/(16A)", a= (16A)",

s = [logy(324)], B=1/(4s),
1 spns—1
p= A+ 1)(I6A)R p=(2p)°8°"",
and

vefam). o



Then, by Lemma 1, there is W C V with [W| > p*~18%=2N such that Ggr[W] is bi-(p, 1/(16A))-

dense. Since p*~18*72N = a(A +1)n and p = /(A + 1), we can apply Lemma 2 and conclude that
H is a subgraph of Gr[W], i.e. there is a Red copy of H.

The required constraints on the variables are satisfied, i.e., s > log,(32A) and (1 — 3)%¢ > 2/3,
the latter following from the inequality (1 — 1/(4z))* > 2/3, which is valid for z > 1. Note that
with this choice of N and p;, we also have the condition |U’| > 2n from Case 1 fulfilled.

Plugging everything into (4), we see that N satisfies the inequality
N < (A +1)(16A)2 (4]log, (324)](A + 1)(16A)2) 108282801,

Consequently, there is a positive constant ¢ such that r(H) < 2¢A(log A’ whenever H € H(n, A),

A > 2. This proves Theorem 1. O

Comment. Qur method of proof cannot give a better upper bound on r(H) than the one
obtained. Indeed, the packing lemma (Lemma 3) forces 7 to be of the order 1/A. Consequently,
condition (3) of Lemma, 2 requires that & be of the order A~2. This is also true of p, which, by
Lemma 1, appears in the denominator of N raised to the power s. The constant s, however, must
be of the order log A, and is solely responsible for the second logarithmic term in the exponent of

our bound.

3 Bipartite graphs

It turns out that in the case when H is bipartite, we may avoid Lemma 1 altogether. This way the
quantity s disappears, and we obtain a better bound than that of Theorem 1. This improvement

relies on using the bipartite version of Lemma 3 given above.

Theorem 2 For some positive constant ¢, and for all integers A >2 and alln > A+ 1, if H is a

bipartite graph with n vertices and mazimum degree at most A, then

r(H) < 2981088,

Proof: Let E(Kn) = Ggr U Gp be an arbitrary 2-coloring of the edges of Ky where, this time,
N =a(A + 1)n and a = 4(8A)2. If Gy is bi-(p, 1/(8A))-dense, where p = (8A)~2 /(A + 1), then,

10



by Lemma 2, we can embed H into Gg, finding a Red copy of H. Otherwise, there is a pair of
disjoint sets X and Y such that |X| = pN, |Y| = pN and dg,(X,Y) < 1/(8A). As before we can
peel these sets off and find subsets X’ C X and Y’ C Y such that [X’'| = [Y'| = 1pN = 2n and
A(Gr[X",Y']) < 1/(4A)pN = |X'|/(2A). By the bipartite version of Lemma 3, we can find an edge
disjoint packing of Gg[X',Y’] and H in the complete bipartite graph induced by X' and Y”’. This
packing yields a Blue copy of H. O

Let @5, be the n-cube. Then we have |[V(Q,)| = 2" and A = n.
Corollary 1 There is a constant ¢ > 0 such that for all n, r(Q,) < 2°"1°8 ",

This improves an old result of Beck [2], who proved that r(Q,,) < 2en”,

4 p-arrangeable graphs

Given an ordering of the vertices of a graph, zi,...,z,, let us set L; = {z1,...,2;} and R; =
{Zit1,.-»Zn}. A graph of order n is called p-arrangeable if its vertices can be ordered as z1, ...,z

in such a way that foreachi=1,...,n—1,
|NLi (NRi (-’L'z))l <p.

In other words, a graph is p-arrangeable if, in some ordering of the vertices, for any vertex z, its
neighbors to the right have together at most p neighbors to the left of z (incl. z). Clearly, such
graphs are (p + 1)-colorable, so they can be partitioned into p + 1 independent sets X1, ..., Xpt1.
For a vertex ¢ = z; € Xpy1, denote by Yz, k = 1, ..., p, the set of its neighbors to the right which
belong to Xp, i.e., Yy = Ng,(z) N Xg. Then, because | Nz, (V) \ {z}| < p— 1, there exists a subset
Zy, C Y}, of size |Zy| < 2P~! such that for every vertex y € Y, there is a vertex z € Zp with
Ni,;(y) = Ni,(2). Consequently, referring to the notation from the proof of Lemma 2, C} = CL.
This crucial observation, made by Chen and Schelp, allows us basically to repeat the proof of Lemma,

2 for a p-arrangeable graph H. This time, however, setting Z = |J¥_, Zz, we have

> vPan — p2P~lean

c\Uwy

2€EZ

and so our condition (3) in Lemma 2 should be changed to

(P = p2Ple)a>1.

11



Lemma 3, with § = p, applies to p-arrangeable graphs H. Of course, Lemma 1 is not affected by
the structure of H. Altogether, setting

vy=1/(16p), e=~7/(®2"), a=2y"F, p=¢/(p+1),

while s and 8 remain as in the proof of Theorem 1, we obtain the following result:

Theorem 3 For some positive constant ¢ and all integers p > 2 and all n > p+ 1, if H is a

p-arrangeable graph with n vertices then

r(H) < 220082)*

This is a two-level improvement over the triple exponential bound in [7] (¢f. Thm. 2.3.1 and Prop.

2.1. there).

Planar graphs are p-arrangeable with 8 < p < 10, cf. [11]. Also, since every graph with no
K,-subdivision is p®-arrangeable [15], then every graph of bounded genus is p-arrangeable with p
being a function of the genus. Several classes of p-arrangeable graphs were found in [5]. In particular
every graph with at most p(p — 1) + 1 vertices of degree exceeding p, or where every pair of such
vertices is at distance at least 3, is (p(p — 1) + 1)-arrangeable. However, already in [3], the graphs

in the last class were shown to have ramsey numbers at most 18n.

For any given p, there are graphs with density as low as at most 4 that are not p-arrangeable.
The example Chen and Schelp gave was obtained from an arbitrary graph of minimum degree at
least 2p by subdividing each edge with exactly one point. However, for these graphs Alon [1] proved
that r(H) < 12n, where n is the number of vertices in the resulting graph (equal to the sum of the
number of vertices and edges in the original graph). Again, the special case where the initial graph
is complete was already proved in [3]. (In fact, both results in [1] and [3] had treated a broader
family of graphs, where every edge is subdivided with at least one vertex.) Very recently, it has been
shown [14] that certain classes of bipartite graphs which naturally generalize the subdivision of the

complete graph with exactly one vertex on each edge also have linearly growing ramsey numbers.
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5 The lower bound

The main goal of this section is to prove the following lower bound result.

Theorem 4 There exists a constant ¢ > 1 such that for all A > 1 and all n > A + 1 (except for
A=1andn=2,3,5), there exists a graph H € H(n,A) which satisfies r(H) > c®n.

In the three exceptional cases, for all graphs H € #(n,1) we have r(H) = n, and clearly, the

conclusion of Theorem 4 could not be true.

In this section, ¢,c¢g,c1,... will denote suitable absolute constants which we usually will not
specify. Also, various expressions which do not look like integers should (usually) be rounded to the

nearest corresponding integer.

The proof rests on two lemmas, both proved by the probabilistic method with a random graph
as a probability space. The random graph G(n, M) is drawn uniformly from all graphs on n labelled
vertices and with M edges. The random graph G(n,1/2) is a result of (g) independent tosses of a
fair coin, so its number of edges is a random variable with the binomial distribution Bi(n,1/2). In
this section partitions are allowed to have empty classes. Recall, finally, that e(X,Y) = eq(X,Y) is
the number of edges of G with one end in X and the other in Y.

Lemma 4 There are fized constants co > ¢1 > 1 and Ay such that for each A > Ay and n > k2,
where k = cOA, there exists a graph H € H(n,A) with the following property. For all partitions
V(H)=WViU...UV; with |V;| < N/k,i=1,...,k, and N = c®n, we have

> miml>oss(y) . 6

i<jiem (Vi,V;)>0

Proof: Take 1 < ¢g < (10/7)'/292 and any ¢; such that 1 < ¢} < ¢. Then choose Ag so that
(2/co)™ < 0.1 and ((0.7)}/202¢5) ™" < 0.25.

Let A > Ag and d = A/202. Consider the random graph G(m,dm) (with m vertices and dm
edges), where m = 1.01n. Clearly, the number of vertices of degree larger than A in any graph with

m vertices and dm edges is at most
2dm m

A+1<101'
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Thus, whatever we prove about G(m,dm), we will form the graph H by deleting from G(m,dm)
the n/100 largest degree vertices so that |V (H)| = n and A(H) < A.

Keeping this in mind, we claim that, with positive probability, G(m, dm) satisfies the following
property: for every partition [m] =V; U...UV, UD, k = c5, with |V;| < ¢®n/k for all i, and with
|D| = n/100, the inequality (5) holds for G = G(m, dm), that is

> il 0ss(y). ©)

i<jeaq(Vi,Vj)>0

Indeed, if a partition [m] = V4 U... UV, UD violates (6), then because the total number of pairs

> (") < @/ () <oa(y).

2

within the sets V; is at most

the partition must satisfy the inequality

> wimizoss(;) z03(7y). ™

i<jieq(Vi,V;)=0
However, the expected number of partitions (V1,...,Vy, D) of the vertex set of the random graph

G(m,dm) satisfying (7) is smaller than

o (76))

(k +1)2()

k Agm
2

< 26)2k(0.7)H™ < 4™ ((0.7)1/20%0) <1. )

Above, the term (k + 1)™ bounds the number of partitions, 2() bounds the number of choices of

the pairs (V;, V;) to have eq(V;, V;) = 0, while the fraction is an upper bound on the probability of

no edge of G(m,dm) falling between these pairs.

Hence, there exists a graph G € G(m,dm) with every partition satisfying (6). Setting D for
the set of the n/100 largest degree vertices in G, the graph H = G — D fulfils the hypothesis of
Lemma, 4. O

The next lemma, follows from a weighted version of the well-known fact that with high probability
every sufficiently large subset of vertices of a random graph G(k,1/2) spans about the expected

number of edges.
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Lemma 5 For every k > 4 there exists a graph R on the vertex set [k] = {1,2,... ,k} such that for
all functions w : k] — [0, 1] with ZZ Lw(@) =z > (107 + 2)log k, we have

W= w <051()andW > w( <051()

ijER ij¢R

Proof: First observe that for any graph R and any fixed z the quantity W is maximized by an
assignment such that the set K = {i : 0 < w(i) < 1} is a cligue in R or K = . For suppose there
exists ¢f ¢ R with 0 < w(?),w(j) < 1. Without loss of generality we may assume that the sum of
weights assigned to the neighbors of ¢ is not smaller than the sum of weights assigned to the neighbors
of j. Then by changing w’'(7) = w(i) + € and w'(j) = w(j) — &, where € = min{1 — w(i),w(j)}, we
can maintain W’ > W, and end up with at least one fewer vertex in K. Continuing this argument
shows that we can assume K is a clique or empty. Similarly, if the quantity W is maximal then K

is an independent set in R or empty.

Now we need two basic facts from the theory of random graphs:

(i) The probability of the existence of a clique of order s = 2log, k + 1 > 5 in G(k,1/2) is smaller

(o< <i.

Since the same is true for independent sets of order s, with probability strictly greater than 1/2, the

than

largest cliques and largest independent sets in G(k, 1/2) have size at most 2log, k;
(ii) By Chernoff’s inequality (cf. [10]), the probability that there is a set S C [k] with s = |S| >
107 log, k, for which

|G(k,1/2) N |>0501()0r |G(k,1/2) N |<0499()

is smaller than

2 Xk: (’:) exp {—10—6 (;) /3} < QXS: (?6_10_78)3 =2) (e/s)" <

=107 log, k s

N =

Thus, there exists a graph R on [k] such that
(a) the largest clique has size at most 2log, &,
(b) for every set S C [k] with s = |S| > 107 log, k, we have |RN [S]?| < 0.501(3),

and also
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(c) properties (a) and (b) hold for R, the complement of R.
Let T = {i : w(i) = 1}. Then, by (a), z > ¢t = |T| > = — 2logy k. Thus, t > 107 log, k, and
by (b),

(4 T
W< > 1+(2log,k)z < 0.501 (2) + (2log, k)z < 0.51 (2)

ijERN[T]2

A similar argument establishes the second part of the claim in the lemma (for W). This completes

the proof of Lemma 5. O

Now, to complete the proof of Theorem 4, we proceed as follows. Let cg, ¢; and Ag be as in the
proof of Lemma 4 but with the additional requirement that (co/c1)®° > (107 +2)Aq log, cp. Choose
also ¢ > 1 such that c2A° < 1.1, and set c3 = V2/c3. We will show that Theorem 4 holds with

c = min{61,62,63}.
If 1 <A < Ag and n is even, simply take as H a matching. Then
3 A A
r(H):§n—1>1.1n>c2°n>c n forn>2.

In the same case but with odd n, take as H a matching plus one isolated vertex obtaining

_3n—5
T2

r(H) >1Lln>cn >cPn forn>6.

When A > 2 and n = 3 or n = 5, take as H the triangle K3, or K3 plus two isolated vertices, resp.
Then r(H) = 6 > 1.1n > c®n.

If2<A+1<n< c%A, take as H the complete graph Ka1q plus n — A 4+ 1 isolated vertices.
Then

r(H) > r(Kap1) > 2872 = 822 > c®n..

Finally, let us consider the main case when A > Ay and n > . Choose H as in Lemma
4 and R as in Lemma 5, and use R to 2-color the edges of Kn, N = cn, as follows. Partition
[N|]=V(Kn)=U1U...UUg, |Uj=N/k, k=c5. Then for all e € [N]?, assign the color
Red, ifee (Ui,Uj),ijER,i7éj

x(€e) = < Blue, ifee (U;,U;),ij € R,i#j
arbitrary, otherwise.
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We claim this coloring does not have a monochromatic copy of H. For suppose there is a Red

copy Hp of H formed. Setting V; = V(Hp) NU;, we have by Lemma, 4 that

Swimlz S wim>0ss(y) ©)

ijER i<jiemg (Vi,V3)>0
On the other hand, expressing
|Vil]=w(i)- N/k, i=1,2,... ,k,
we have 0 < w(i) <1, and
n=7 [Vil=N/k) w(i),
i i
so that

z=Y w(i)=kn/N = (co/ec1)™ > (10" + 2) logk

i

by our choice of ¢y, ¢; and Ay, and by the monotonicity of (eg /c1)A /A as a function of A. Hence,

by Lemma 5,
N? N . N? z n
> W= 5 X wut) < 3z 0sn(3) <os(3)
ijER ijJER
This is a contradiction with (9), and the proof of Theorem 4 is complete. O

Comment. Answering a question of Alon raised during the workshop in Princeton in November
1998, let us note that a suitable adjustment of the above proof leads to a random construction of a
bipartite graph H with r(H) > ¢®n. Not surprisingly, in Lemma 4 one has to utilize the bipartite
random graph G(m, m, M), while the relevant change in Lemma, 5 is to consider two weight functions
f and g, both defined on the vertex set of a random graph G(k,1/2), and such that f + g < 1. In
the main proof these two weights will be determined by the intersections of each of the two vertex
classes of a presumably monochromatic copy of H with the partition sets U;, i = 1,...,k. More
precisely, if V' and V"' are the vertex classes of a Red copy Hy of H then, setting V;/ = V' NU; and
VI'=v"nU;i=1,2,..k, we have

o VAV T+ vV > > Vv -
ijER i#jieny (V],V]')>0

i
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The two weight functions are now defined by |V/| = f(7) - N/k and |V}'| = g(i) - N/k, i =

1,2,...,k . We leave the details to an anxious reader.
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